arXiv: 1504.0501 lv2 [math.AG] 4 May 2015 


AUTOMORPHISM GROUPS OF SMOOTH QUINTIC THREEFOLDS 


KEIJI OGUISO AND XUN YU 

Dedicated to Professor Shigeru Mukai on the occasion of his sixtieth birthday. 

Abstract. We study automorphism groups of smooth quintic threefolds. Especially, we 
describe all the maximal ones with explicit examples of target quintic threefolds. There 
are exactly 22 such groups. 
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1. Introduction 


Throughout this paper, we work over the complex number field C. 

The aim of this paper, is to study the automorphism group Aut (X) of a smooth quintic 
threefold X, a most basic example of Calabi-Yau threefolds. Our main results are Theorems 


2.2 and 10.4 It turns out that there are exactly 22 maximal groups which act faithfully on 
some smooth quintic threefolds. This answers a question raised by |LOP13j . 
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From now, we just call a smooth quintic threefold, simplly a QCY3 (quintic Calbai-Yau 
threefold). 

Let Y be a QCY3 defined by a homogeneous polynomial F of degree 5. 

By a result of Matsumura-Monsky f |MM63j L 

Aut (Y) = {ipe PGL(5, C)|</j(Y) = Y} , 


Aut (Y) is always a finite group, and two QCY3s are isomorphic if and only if they are 
projective linearly isomorphic, i.e., by a suitable change of homogeneous coordinates, the 
defining equations are the same. Moreover, Bir(Y) = Aut(Y) as Y is a projective mini¬ 
mal model of Picard number one ( |Ka08j L So, the classification of all possible groups of 
birational automorphisms of QCY3 is equivalent to the following projective linear algebra 
problem in the classical invariant theory: 

Find all finite subgroups G C PGL(5, C) such that there is a homogeneous polynomial 
F of degree 5, which is smooth, such that for each g ^ G there is A G GL(5, C) such that 
[A] = g, i.e., A a representative of g, and A{F) = F. 

This is in principle possible but practically hard in general, which we first explain. As 
usual in the finite group theory, we proceed our classification of G in the following three 
steps: 

(i) determine all possible prime orders of elements of Aut (Y) of some QCY3 Y (Section 
[^. It turns out that they are 2, 3, 5, 13, 17, 41; 

(ii) determine all possible Sylow p-subgroups of Aut(Y) of some QCY3 Y (Sections!^ 

§ 0 ; 


(hi) determine all possible “combinations” of Sylow p-subgroups which result in Aut (Y) 
for some QCY3 Y (Sections]^ [^ [^ [^. 

In each step: 

(I) the existence of smooth F is essential. In fact, many groups are excluded by showing 
that they can act only on singular quintic threefolds. For this, we will give some useful 
criterions for (non-)smoothness of hypersurfaces (Lemma 3.2 Proposition 3.4) in Section 

We also mildly use Mathematica to check smoothness. 

If there is a subgroup G C GL(5, C) such that G oe G under A i—>■ [A], such that A{F) = F 
for all A G G, we call G F-liftable. The problem is further reduced to a linear algebraic 
problem of the classical invariant theory for F-liftable G. 

The other involving issues are group theorectical ones (II), (III): 

(II) the fact that in general G are not T-liftable when 5|G . 

In our case, with a help of Schur multiplier theory (see Section]^, we find that there are 
only very few groups which are not T-liftable. 

(III) The numbers of groups whose orders are the product of powers of smaller primes 
are too huge to control just by hand. 

As in Mukai’s l |Mu88j l classification of finite symplectic action on K3 surfaces, (III) is 
a cumbersome problem. In his case, it arises for groups of order 2“3^, especially the cases 
2"', which is overcome with a help of classifications of 2-groups of order < 2® in his paper. 
In our case, problems arise for order 2“3^5‘^. We treat them by using now a quite useful 
tool, GAP software. GAP shows all possible linear representation and subgroups etc. in 
the range of order < 2000 (except 1024). With its help, we control the cases where < 2000 
and then larger orders cases are reduced to these cases in PG free way. 
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On the other hand, the case where G has a larger prime order element, Theorem of 
Brauer (see Theorem 5.11) is quite effective to determine possible G in our case. We also 
note that this is used in |Ad78| to show the simplicity of the automorphism group of the 
Klein cubic threefold. In our case, we use it to determine G of which order is divisible 
by larger primes, say, 13, 17 or 41. It is also worth noticing that the full automorphism 
group is never cyclic of prime orders in these cases, i.e., there is no QCY3 X such that 


Aut (A) ~ Cia, Gij or (Theorem 5.15, Theorem 5.13, Theorem 5.14), while there are 


QCY3 whose automorphism group is isomorphic to {e}, 6 * 2 , Cs and Cs (see Remark 3.11). 

Throughout this paper, we use so-called the differential method (Theorem 3.5, Theorem 
3.8) to compute full automorphism group Aut(A) when F is “special”. 


We believe that our methods to determine G can be applied to classify automorphism 
groups of smooth hypersurfaces of other types, especially automorphism groups of smooth 
cubic threefolds (cf. |Ad78| l and those of smooth cubic fourfolds (cf. |GL11] 1. the later of 
which may also be applicable to study interesting automorphisms of hyperkaehler fourfolds 
of (K3)[^' type r |BGS14p . 


To close Introduction, we remark some possible applications and motivations. 

From a group theoretical point, it is particularly interested in the solvability of the 
groups and what kind of non-commutative simple groups are realized as an automorphism 
subgroup of QCY3. Our project actually started by motivating a discovery of simple non- 
commutative groups acting on QCY3. It turns out that there is only one non-commutative 
simple group A^, the simple non-commutative group of the smallest order, and that all 
automorphism subgroups are solvable unless they do contain A 5 as a subgroup. In fact, 
there are exactly 8 non-solvable ones: A 5 , S 5 , A 5 x Gs, S 5 x C 5 , Cf x As, C| x Fs, G| x A 5 , 
X 55. 

In the topological mirror symmetry of Calabi-Yau threefolds, finite Gorenstein auto¬ 
morphisms played important roles in constructing mirror families 1 |GDP93| . |BD96| 1. For 
example, a natural mirror family of quintic Galabi-Yau threefolds is given by a crepant 
resolution Y\ of the Gorenstein quotient of 


X\ = (xf + x\ + x\ + x\ + x\ — 5 AX 1 X 2 X 3 X 4 X 5 = 0) 


by /X 5 ~ /ul/lis. The manifolds Y\ (A® 1) are smooth Galabi-Yau threefolds of 


h^’i(YA) = 101 = h^'\Xx) , h^’\Y,) = 1 = h^'\Xx) . 


Now Yx is also understood by the derived McKay correspondece developed by |BKR01j and 
also computation of these Hodge numbrs are given by the classical McKay correspondeces 
due to |IR96| . |BD96] . It will be also interesting to see what kind of manifolds appear as 
the non-Gorenstein quotients. 

In this paper, we will not touch these interesting questions. However, we hope that our 
classification with explicit equations of target QCYs will provide handy useful global test 
examples for further study in birational geometry of threefolds such as McKay correspon¬ 
dence problems mentioned above or its possible generalizations for non-Gorenstein quotient. 


Notations and conventions. We use the following notations to describe groups. 
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In this paper, if A G GL(n, C), then we use [j 4] denote the corresponding element in 
PGL(n,C). 

In '■= the identity matrix of rank n; 

:= a fc-th primitive root of unity, where A; is a positive integer; 

If ^ G GL(n, C) and ai, ...,an are eigenvalues (considering multiplicities) of A, then we 
use xa(A) = (t —ai) ••• (t —On) to denote the characteristic polynomial of A. If i?i,..., are 
square matrices, then we use diag(i?i,..., B^) to denote the obvious block diagonal matrix. 

We use TT : GL(n, C) —> PGL(n, C) to denote the natural quotient map. 

Let G be a finite group and p be a prime. If no confusion causes, we use Gp to denote a 
Sylow p-subgroup of G. 

The following is the list of symbols of finite groups used in this article: 

Gn'- a cyclic group of order n, 

D 2 n- a dihedral group of order 2 n, 

Sn{An)'. a symmetric (alternative) group of degree n, 

Qs'- a quaternion group of order 8 . 


2. Examples of group actions and main Theorem 


Let us begin with explicit examples (l)-(22). It turns out that the 22 groups essentially 
classify the all automorphism groups of smooth quintic 3-folds (see Theorem 2.2 for a precise 
statement). 


Example 2.1. (1) Fermat quintic threefold X: F = xf + + X3 + xf + X5 = 0. Let G be 

the subgroup of PGL(5, C) generated by the following seven matrices: 



/O 

1 

0 

0 

0\ 


^0 

1 

0 

0 

0\ 


/O 1 

0 

0 

0\ 



1 

0 

0 

0 

0 


0 

0 

1 

0 

0 


0 0 

1 

0 

0 


Til = 

0 

0 

1 

0 

0 

A 2 = 

1 

0 

0 

0 

0 

A 3 = 

0 0 

0 

1 

0 



0 

0 

0 

1 

0 


0 

0 

0 

1 

0 


0 0 

0 

0 

1 



VO 

0 

0 

0 

V 


vO 

0 

0 

0 

V 


Vl 0 

0 

0 

0^ 



/i 

0 

0 

0 

0^ 


/I 

0 

0 


0 o\ 


/I 

0 

0 

0 

o\ 


0 

^5 

0 

0 

0 


0 

1 

0 


0 0 


0 

1 

0 

0 

0 

A 4 = 

0 

0 

1 

0 

0 

A 5 = 

0 

0 

^5 


0 0 

Ae = 


0 

0 

1 

0 

0 


0 

0 

0 

1 

0 


0 

0 

0 


1 0 


0 

0 

0 


0 


VO 

0 

0 

0 

ly 


Vo 

0 

0 


0 l ) 


VO 

0 

0 

0 

V 


h 

0 

0 

0 

o^ 














0 

1 

0 

0 

0 













717 = 

0 

0 

1 

0 

0 














0 

0 

0 

1 

0 














VO 

0 

0 

0 

^5/ 














Then G acts on X, G is isomorphic to G| xi S 5 and |G| = 2^ • 3 • 5® = 75000. 


(2) Let X : F = xfx 2 + x^ + X 3 + X 4 + xf = 0 and let G be the subgroup of PGL(5, C) 
generated by the following six matrices: 
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/C4 0 0 0 0\ /l 0 0 0 0\ /l 0 0 0 o\ 

01000 01000 01000 

Ai = 0 0100 ^2 = 00010 yl3 = 00010 

00010 00100 00001 

\00001/ \0 0001/ \0 0100/ 

/l 0 0 0 0\ /l 0 0 0 0\ /l 0 0 0 o\ 

01000 01000 01000 

A 4 = OOCsOO yl5 = 001 0 0 y 46 = 0010 0 

00010 000 ^5 0 00010 

\0 0001/ \0 0001/ \0 0 0 0 ^5/ 

Then G acts on X, G = C4 x (Cf xi S3}, and |G| = 2 ^ • 3 • 5 ^ = 3000 . 

( 3 ) Let X : F = xfx2 +X2 + X3X4 + x\ + x\ = ^, and let G be the subgroup of PGL( 5 , C) 
generated by the following five matrices; 

/C4 0 0 0 0\ /l 0 0 0 0\ /C5 0 0 0 0\ 

01000 01000 O^sOOO 

2li= 0 0100 yl2=00C4 00 2l3= 0 0 100 

00010 00010 00010 

\ 00001 / \0 0001 / \0 0001 / 

/l 0 0 0 0\ /o 0 1 0 o\ 

01000 00010 

A4= 00 Cs 0 0 A5 = 10000 

000 C5O 01000 

\0 00 0l/ \0 000l/ 

Then G acts on X, G is isomorphic to {G^ x Gf) x G2 and |G| = 2 ® • 5 ^ = 800 . 

( 4 ) Let X : F = xfx2 + x|x3 + x^ + x\ + x^ = 0 and let G be the subgroup of PGL( 5 , C) 

generated by the following four matrices: 

/Cie 0 00 0\ /1 000 0\ /1 0000\ 

0 0 0 0 0 1 0 0 0 0 1 0 0 0 

yli= 0 0 100 ^2 = 001 00 ^3=00100 

0 0010 000 C5O 00010 

\o 0 001/ \ooooi/ yoooocs/ 

/l 0 0 0 o\ 

0 10 0 0 

A4= 0 0 10 0 

0 0 0 0 1 

\0 0 0 1 0/ 

Then G acts on X, G = Cig x (G^ x G2) and |G| = 2 ^ • 5 ^ = 800 . 

( 5 ) Let X : F = xfx2 + x^xi + Xg + xf + xf = 0 and let G be the subgroup of PGL( 5 , C) 

generated by the following seven matrices: 
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/l 0 0 0 0\ /l 0 0 0 0\ /l 0 0 0 o\ 

01000 01000 01000 

Ai = 00010 yl2 = 00010 As = OO^sOO 

00100 00001 00010 

\0 0001/ \0 0100/ \0 0001/ 

/l 0 0 0 0\ /l 0 0 0 0\ /Cs 0 0 0 o\ 

01000 01000 0 cl 000 

A4 = 001 0 0 yl5 = 0010 0 y 46 = 0 0 100 

000 C5O 00010 00010 

\ooooi/ yoooocs/ yo 0001/ 

/o 1 0 0 o\ 

1 0 0 0 0 

Ar = 0 0 10 0 

0 0 0 1 0 

\0 0 0 0 1/ 

Then G acts on X, G = S'3 x (G| x S3) and |G| = 2 ^ • 3 ^ • 5 ^ = 4500 . 

(6) Let X : F = XiX2+X2X3+x^+x\x3 + x^ = 0 , and let G be the subgroup of PGL( 5 , C) 
generated by the following three matrices: 

/C16 0 0 0 0 \ /l 0 0 0 0 \ /Cs 0 0 0 0 \ 

0 0 0 0 0 1 0 0 0 0 C5 0 0 0 

yli= 0 0 100 ^2 =00100 ^6= 0 OC5OO 

0 0010 000 C4O 00010 

\o 0 001/ yooool/ yooool/ 

Then G acts on X, G = C5 x Gie x G4 and |G| = 2 ® • 5 = 320 . 

( 7 ) Let X : F = x\x2+X2X3+x^X4 + x\ + x\ = 0 , and let G be the subgroup of PGL( 5 ,C) 
generated by the following two matrices: 

/C 64 0 00 0\ /1 0000\ 

0 ^ 64 ^ 0 0 0 0 1 0 0 0 

yli = 0 0 Cel 0 0 AI 2 = 0 0 1 0 0 

0 0 010 00010 

\o 0 0 01/ yooooCs/ 

Then G acts on X, G = G64 x G5 and |G| = 2 ® • 5 = 320 . 

(8) Let X : F = x\x2+X2+x\x4+x\x3 + x^ = 0 , and let G be the subgroup of PGL( 5 ,C) 
generated by the following five matrices: 

/C4 0 0 0 0\ /Cs 0 0 0 0\ /l 0 0 0 0\ 

01000 OC5OOO 01000 

yli= 0 0100 yl2 = 0 0 100 yl3 = 00010 

00010 00010 00100 

yooool/ \o 0001/ yooool/ 
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/l 0 0 0 0\ /l 0 0 0 o\ 

01000 01000 

A4= 00 6 0 0yl5= 0010 0 

000 C3O 00010 

\ooo 01/ \oooo6/ 

Then G acts on X, G = x C4 x S3 and |G| = 2 ^ • 3 • 5 ^ = 600 . 

( 9 ) Let X : F = x\x2+X2X3+x\xi+x\ + x^ = 0 , and let G be the subgroup of PGL( 5 ,C) 
generated by the following five matrices; 

/O 1 0 0 0\ /63 0 0 0 0\ /l 0 0 0 0\ 

0 0 1 0 0 0 0 0 0 0 1 0 0 0 

yli= 10000 yl2=0 0 00 yl3= 00100 

00010 0 0 010 00001 

yooool/ \o 0 001/ \oooio/ 

/l 0 0 0 0\ /l 0 0 0 o\ 

01000 01000 

^4 = 001 0 0 yl 5=0010 0 

000 6 0 00010 

\ooooi/ \oooo6/ 

Then G acts on X, G = (Cf xi G2) x ((713 x C3) and |G| = 2 • 3 • 5 ^ • 13 = 1950 . 

( 10 ) Let X : F = xfx2 + xjxs + X3 + X4X5 + X5X4 = 0 , and let G be the subgroup of 
PGL( 5 , C) generated by the following four matrices: 

/66 oooo\ /looooX /looooX 

0 0 0 0 0 1 0 0 0 0 1 0 0 0 

yli= 0 0 100 ^2= 00100 y 43 = 001 0 0 

0 0010 00001 000 6 0 

\o 0001/ \oooio/ yooooci/ 

/l 0 0 0 o\ 

0 10 0 0 

A4= 0 0 1 0 0 

0 0 0 6 0 

\o 0 0 0 6/ 

Then G acts onX, G^ Cm x (C5 x ^3) and |G| = 2 ^ • 3 • 5 = 480 . 

( 11 ) Let X : F = xfx2 + X2X3 + X3X4 + X4X5 + xf = 0 and let G be the subgroup of 
PGL( 5 , C) generated by the following matrix: 

/656 0 0 0 o\ 

0 6"56 0 0 0 

^1=0 0 elfe 0 0 

0 0 0 0 
\ 0 0 0 01/ 

Then C acts on X, G = G256 and |G| = 2 ® = 256 . 
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( 12 ) Let X : F = xfx2 + x® + x|x4 + X4X5 + X5X3 = 0 , and let G be the subgroup of 
PGL( 5 , C) generated by the following four matrices: 

/C4 0 0 0 0\ /C5 0 0 0 0\ /l 0 0 0 0\ 

01000 0 ^5 000 01000 

yli= 0 0100 yl2 = 0 0 100 213= 00010 

00010 00010 00001 
\00001/ \0 0001/ \ooioo/ 

/I 0 0 0 0 \ 

0 10 0 0 
A4 =00 .^13 0 0 

0 0 0 C]]/ 0 

\o 0 0 0 

Then G acts on X, G = G4 x G5 x (C13 x G3) and |G| = 2 ^ • 3 • 5 • 13 = 780 . 

( 13 ) Let X : F = xfx2 + X2X3 + X3X4 + X4X1 + xf = 0 , and let G be the subgroup of 
PGL( 5 , C) generated by the following four matrices: 

/Cl? 0 0 0 0\ /C3 0 0 0 0\ /O 1 0 0 0\ 

0 Cf/ 0 0 0 0 Cl 0 0 0 0 0 1 0 0 

yli = 0 0 Ci7 0 0 ^2 = 0 0 Cs 0 0 ^3 = 0 0 0 1 0 

OOOCfrO 000 do 10000 

\o 0 0 01/ yooool/ yooool/ 

/l 0 0 0 o\ 

0 10 0 0 

A4= 0 0 10 0 

0 0 0 1 0 

\0 0 0 0 C5/ 

Then G acts on X, G = G5 x {G31 x G4) and |G| = 2 ^ • 3 • 5 • 17 = 1020 . 

( 14 ) Let X : F = xfx2 + x|xi + x|x4 + x|x3 + X5 = 0 and let G be the subgroup of 
PGL( 5 , C) generated by the following seven matrices: 

/C3 0 0 0 0 \ /Cs 0 0 0 0 \ /l 0 0 0 o\ 

OCfOOO OC5OOO 01000 

?li= 0 0 100 ^2 = 0 0 100 ?l 3 = 00 C 3 0 0 

00010 00010 000 cio 

yooool/ \ooooi/ yooool/ 

/l 0 0 0 0\ /o 1 0 0 0\ /l 0 0 0 o\ 

01000 10000 01000 

A4= 00 Cs 0 0 yl 5 = 00100 ^46 = 00010 

000 C5O 00010 00100 

\0 00 0 l/ \0 000 l/ \0 000 l/ 
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Ar = 


/o 0 1 0 o\ 
0 0 0 1 0 
0 10 0 0 
1 0 0 0 0 
\0 0 0 0 1 / 


Then G acts on X, G = (Cg x Cg) x Ds and |G| = 2 ^^ • 3 ^ • 5 ^ = 1800 . 


( 15 ) Klein quintic threefold X : F = xfx2 + x^xs + x^X4 + xfx^ + x^xi 
the subgroup of PGL( 5 , C) generated by the following three matrices: 

/O 1 0 0 0\ /l 0 0 0 0\ /^4i 0 


= 


0 0 10 0 

0 0 0 1 0 

0 0 0 0 1 

\1 0 0 0 0 / 


A2 = 


0 6 
0 0 
0 0 
\0 0 


0 

S 5 

0 

0 


0 

0 

ef 

0 


0 

0 

0 

a/ 


^3 = 


0 
0 
0 
VO 


Then G acts on X, G = G205 x G5 and |G| = 5 ^ • 41 = 1025 . 


t -4 

S41 

0 

0 

0 


= 0 and let G be 

0 0 0 \ 

0 0 0 

Ui 0 0 

0 Ci? 0 

0 0 ei?/ 


( 16 ) Let X : F = xfx2 + X2X3 + x|xi + x|x5 + x|x4 = 0 and let G be the subgroup of 
PGL( 5 , C) generated by the following five matrices: 


/as 
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/O 
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/I 
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o\ 
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Then G acts on X, G = Cs x 53 x (G13 x C3) and |G| = 2 • 3 ^ • 5 • 13 = 1170 . 


( 17 ) Let X : F = ((xf + x|) + (2 + 4^|)xfx|)x3 + (-(xf + x|) + (2 + 4^|)xfx|)x4 + 
X3X4 + X4X3 + X5 = 0 and let G be the subgroup of PGL( 5 , C) generated by the following 


five matrices : 

















( 0 
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o\ 
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0 o\ 
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0 
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A2 = 

0 

0 


0 

1 0 
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0 0 
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VO 
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/I 
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o\ 
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Then G acts on X, G ^ C5 x ((SL( 2 ,3).G2) x C2) and |G| = 2 ^ • 3 • 5 = 480 . 

( 18 ) Let X : F = ((xf + + (2 + 4^|)xfx2)x3 + ((xf + x^) - (2 + 4^|)xfx2)x4 + X3X4 + 

X4X3 + x|x|x5 + X5 = 0 and let G be the subgroup of PGL( 5 , C) generated by the following 
four matrices; 

/ 0 1 0 0 0\ /-^4 0 0 0 0\ ^^8 0 0 0\ 
-1 0 0 0 0 0 ^4 0 0 0 0 0 0 
Ai = 00100 yl2 = 0 0100 yl3= g 0 C3OO 

00010 00010 0 00 ^3 0 

[00001/ [00001/ \o 0 00 1/ 

/C4 0 0 0 o\ 

0 10 0 0 

A4 = 0 0 0 1 0 

0 0 10 0 

\0 0 0 0 1/ 

Then G acts on X, G = SL( 2 , 3 ) x G4 and |G| = 2 ^ • 3 = 96 . 

( 19 ) Let X : F = xfx2 + x^xi + x|x2 + x|xi + X5 + X2X3X4 — xfx3X4 = 0 and let G be 
the subgroup of PGL( 5 , C) generated by the following four matrices: 

/l 0 0 0 0\ /Cs 0 0 0 0\ /O 1 0 0 0\ 

01000 0 ^1 000 10000 

yli= 00100 yl2= 0 0^3 00 ^3 = 00 0 10 

00010 000 C| 0 00 -1 00 

[0 0 0 0 ^5/ [00001/ [00001/ 

/l 0 0 0 o\ 

0 10 0 0 

A4= 0 0 ^4 0 0 

0 0 0 cl 0 

\0 0 0 0 1/ 

Then G acts on X, G = G5 x (G3 x Qs) and |G| = 2 ^ • 3 • 5 = 120 . 

( 20 ) Let X : F = xfx2 + x^xi + x|x2 + x|xi + Xg + x|x3X4 + X2X3X4 = 0 and let G be 
the subgroup of PGL( 5 , C) generated by the following four matrices: 

/l 0 0 0 0\ /Cs 0 0 0 0\ /O 1 0 0 0\ 

01000 OC3OOO 10000 

yli= 0010 0 yl2= 0 0 Cs 0 0yl3 = 00010 

00010 000 Cl 0 00100 

yoooocs/ yooool/ \ooooi/ 

/i 0 0 0 o\ 

01000 
A4 = 0 0 C4 0 b 

0 0 0 cl 0 

\0 0 0 0 1/ 
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Then G acts on X, G = x 1)24 and |G| = 2 ^ • 3 • 5 = 120 . 


(21) Let X : {xf + + Xg + xf + xf + Xg = xi + X2 + X3 + X4 + X5 = 0} C 

be the subgroup of PGL(6, C) generated by the following four matrices: 


= 


and let G 


Ad — 


(0 

1 

0 

0 

0 

o\ 


/o 

1 

0 

0 

0 

o\ 


/o 

1 

0 

0 

0 

o\ 

1 

0 

0 

0 

0 

0 


0 

0 

1 

0 

0 

0 


0 

0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

A2 = 

1 

0 

0 

0 

0 

0 

A3 = 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 


0 

0 

0 

0 

1 

0 


1 

0 

0 

0 

0 

0 

VO 

0 

0 

0 

0 

V 


lo 

0 

0 

0 

0 

V 


lo 

0 

0 

0 

0 

y 

/I 

0 

0 

0 

0 

0 ^ 















0 

1 

0 

0 

0 

0 















0 

0 

1 

0 

0 

0 















0 

0 

0 

1 

0 

0 















0 

0 

0 

0 

1 

0 















VO 

0 

0 

0 

0 

Csy 















G acts 

on 


G^G 

5 X 55 and 

|G| 

= 

2^ 

3 - 

52 : 

= 600 . 








( 22 ) Let X : F = xfx2+ x|x3+ x|x4+ X4+ x|x3+ X2X4XI = 0 , and let G be the subgroup 
of PGL( 5 , C) generated by the following two matrices: 




/ C32 

0 

0 

0 

0 \ 


A 

0 

0 

0 

0 \ 



0 

4 

S32 

0 

0 

0 


0 

1 

0 

0 

0 

Ai = 


0 

0 


0 

0 

A2 = 

0 

0 

1 

0 

0 



0 

0 

0 

1 

0 


0 

0 

0 

1 

0 



VO 

0 

0 

0 

^327 


VO 

0 

0 

0 

-V 

Then 

G acts 

on 

A, G 

rsj 

G32 X 

C2 and 

|G 

= 

26 

= 64 . 



Our main theorem is the following (cf. |Mu88j L 


Theorem 2.2. For a finite group G, the following two conditions are equivalent to each 
other: 

(i) G is isomorphic to a subgroup of one of the 22 groups above, and 

(ii) G has a faithful action on a smooth quintic threefold. 


We will prove Theorem 2.2 


m 


Section 


Remark 2.3. Let T be a smooth quintic threefold. Let Xi be the smooth quintic threefold 
in Example (i) above, 1 < i < 22. It turns out that if i < 17 , then Aut(y) = Aut(Xj) if 
and only if, up to change of coordinates, Y and Xi are the same. 


This remark is a byproduct of our proof of Theorem 2.2 


3 . Smoothness of hypersurfaces and the differential method 


Definition 3.1. Let F = F{xi, ...,Xn) be a homogeneous polynomial of degree d > 0 and 
let m = m(xi,..., x„) be a monomial of degree d. Then we say m is in T (or m G T) if the 
coefficient of m is not zero in the expression of F. 
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Lemma 3.2. Let Fa = Fd{xi,Xn+i) be a nonzero homogeneous polynomial of degree 
d > 3 and let M := {F^ = 0 } C P”’. Let a and b be two nonnegative integers, and 
2 a + b < n. The hypersurface M is not smooth if there exist a + b distinct variables 
, • ■ ■,iCia+i, thatFd G {xi^,... ,Xi^) + {xi^^^,... , where (xfc,,--- ,Xk^) means 

the ideal of C[xi, ...,Xn+i] generated by Xk^, ■ ■ ■ 


Proof. Without loss of generality, we may assume that ij = j for 1 < j < a+b. So F^ can be 
written as Fa = xiGi + .. . + XaGa + H for some Gi G C[®i, ...,Xn+i],H G {xa+i, ■ ■ ■ ,Xa+b)^- 
We take the partial derivatives of F^'. 


^ I aCq I dH . 

dxa ~ dxa -^^dxa ^ Xa -C ’ 

dF ^ ^G^ , ^ aC;, , , ™ dG„ , dH . 

toa + l ^dXa + 1 ' ^dXa + 1 “T O-dXa+1 ' dXa + 1^ 


= Xljf^ -h X2 


+ ... 


dGa 


I dH 
dXr, 


^n+l ^ ^^n + 1 ^ ^ ^^n + 1 

Define Z := {xi = ■ ■ ■ = Xa+b = Gi = • • • = Ga = 0} C Z $ since 2 a + 6 < n. 


^ - dF _ 


Then ^ = ... = 


= 0 at Z and hence M is singular at Z. 


□ 


Proposition 3.3. Let M = {Fn = 0 } C P” 6 e a smooth hypersurface of degree d > 3 . 
Then for i such that 1 < i < n + 1 , xf~^Xj G F^ for some j = j{i). 

Proof. We may assume z = 1 . If otherwise, F^ G (x2, • • • , Xn+iY. Then by Lemma 
a = 0 , 6 = n, M is singular, a contradiction to smoothness of M. 


3.2 


with 

□ 


Proposition 3 . 4 . Let M be a hypersurface in P^ defined by a nonzero homogeneous poly¬ 
nomial F^ of degree 5 . Then M is singular if one of the following three conditions is true: 

( 1 ) There exists 1 < z < 5 , such that for all 1 < j < 5 , xfxj ^ F^; 

( 2 ) There exists 1 < p,q < 5 ,p q, such that F5 G (xp, Xq); 

( 3 ) There exist three distinct variables Xi,Xj,Xk, such that F 5 G (xj) + {xj,Xkf‘. 


Proof. We check case by case: 

( 1 ) We may assume z = 1 . Then for all 1 < j < 5 ,xfxj ^ T5. Then M is singular by 
Proposition above. 

( 2 ) We may assume F^ G (xi, X 2 ). Then by Lemma 3.2 with a = 2 , 6 = 0 , M is singular. 

( 3 ) We may assume F^ G (xi) + (x2,X3)^. Then by Lemma 3.2 with a = 1,6 = 2 , M is 
singular. 

□ 


Let F = F(xi, X2,..., Xn) be a nonzero homogeneous polynomial. In general, it is an 
interesting but difficult problem to determine all the projective linear automorphisms of 
the hypersurface {F = 0 } C The differential method which we shall introduce below 

is a powerful general method especially when F has a very few monomials like Fermat. 

Let F = F{xi, X2, ■■■, Xn) be a homogeneous polynomial of degree d > 1 in terms of 
variables xi, ...,Xn, and G = G{yi,y2, be a homogeneous polynomial of degree d in 

terms of variables yi, ...,yn. 

For 1 < z < d, we have the natural z-th order differential map naturally defined by F: 
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Df ■.'Di{xi,...,Xn) -!-C[xi,...,Xn\ , 

where Pi(xi, Xn) is the vector space of i-th order differential operators. For example, 
= idS^) = gSh’ Obviously, Df is a C-linear map, and we 

denote the dimension of the image space of Df as ia.nk{Df). 

The next Theorem, which we call the differential method, is quite effective. 


Theorem 3.5. If F{xi, ...,Xn) = G{yi,...,yn) under an invertible linear change of co¬ 
ordinates, in other words, there exists an invertible matrix L = {lij)i<i,j<n, such that 

n n 

F{xi, ...,Xn) = G('^^ hiXi, ..., IniXi), then rank(L)f’) = rank(T)f), for all 1 < i < d. 
i=l i=l 


Remark 3.6. For example, if F{xi,X2) = xf + 2 xiX 2 + x^, G{yi,y2) = yl, then the 
image space of D[ spanned by 2 xi + 2 x 2 , and the image space of Df is spa nned by 
2 yi. So rank(T)f) = rank(T)^). 

F(xi,X2) = G{xi + X2,X2). Theorem 3.5 is inspired by [FoOSl. 


This equality also follows from Theorem 3.5 because 


Proof. The result simply follows from the linearality of the change of coordinates and the 
chain rule. To convince the readers, we shall give a detailed proof for i = 1. Consider the 
following diagram. 


Df 




-)■ C[xi, ...,Xn] 

Q 

-^C[yi,...,yn\ , 


T>i(xi, ...,Xn) - 
P 

where the map p is given by chain rule, more explicitly, 

j=i 

and the map q is induced by the linear change of coordinantes, more explicitly, if H = 
H{yi, ...,yn) is a polynomial in terms of yi, ...,yn, then 

n n 

q{H) = H(^ hiXi ,..., ^ IniXi). 

i=l i=l 

This diagram commutes by definition and the chain rule. As both p and q are isomorphisms, 
it follows that rank(Z)f^) = rank(T)^). □ 

Definition 3.7. Let A G GL(n, C). We say A is semi-permutation if A is a diagonal 
matrix up to permutation of columns, or equivalently, A has exactly n nonzero entries. 
In literatures, such an A is also called a generalized permutation matrix and a monomial 
matrix. 


Theorem 3.8. Suppose X is one of the Examples (1)-(16) in Example 2.1. Then the group 
G in the same example is the full automorphism group Aut(A) of X. 
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Proof. By easy computation G is the subgroup of Aut(X) generated by semi-permutation 
matrices preserving X. So in order to prove the theorem we are reduced to show that the 
full automorphism group Aut(X) is generated by semi-permutation matrices. 

We give a full proof when X is the Example ( 15 ) (Klein quintic threefold). If X is one 
of the other 15 examples, then by similar arguments (the differential method) as below we 
can also show that the full automorphism group Aut(X) is generated by semi-permutation 
matrices. 

Suppose L = {lij) G GL( 5 ,C) induces an automorphism of X. Denote change of coordi- 
5 

nates: yt = for 1 < i < 5 . Then we may assume 

i=i 


Then apply the operator 


LO OOLU 


( 3 . 2 ) 

{Ax\x2+xI) = {^yly2+yt)hi+{^ylyi+yt)hi+{^ylyA+yi)hi+{^ylyb+yt)hi+{^ylyi+yi)hi 


Let us denote the polynomial on the right hand side of the identity ( 3 . 2 ) as h = 
/i(yi, 2 / 2 , 2 / 3 , 2 / 4 , 2 / 5 )- 

Notice that rank(D^*^*^''"^'^) = 3 . We expect rank(D(*) is also equal to 3 . 


Lemma 3 . 9 . rank(D(^) = 3 if and only if exactly one of the complex numbers In, I21, hi, hi, hi 
is not equal to zero. 


Proof, “if ” part is trivial. We only need to show “only if” part. 

Suppose Tank{Di) = 3 . Then, at least one of In is not equal to zero. Without loss of 
generality, we may assume In / 0 . Let us compute ^ ( see Table 

= I2lnyjy2 + 4(212/1 + 4(512/5, 

= 4(112/1 + 12 ( 2 i 2 /i 2/3 + 4(312/2, 

^ = 4(212/2 + 12(312/32/4 + 4(412/3, 

= 4(312/3 + 12(412/42/5 + 4(512/4, 

^ = 4(112/5 + 4(412/4 + 12(512/52/1- 


Table 1 : Matrix form of the coefficients of the partial deriva¬ 
tives 



2/i2/2 

2/1 

2/5 

2/22/3 

2/2 

2/32/4 

2/3 

2/42/5 

2/4 

2/52/1 

Oh 

dyi 

12(11 

4(21 

4(51 








dm 


4(ii 


12(21 

4(31 






8 h 

dVi 





4(21 

12(31 

4(41 




6 h 

dm 







4(31 

12(41 

4(51 


dh 

dVb 



4(ii 






4(41 

12(51 
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As are linearly independent, rank(Z)J') > 3 . It is not hard to see that if one 

of ^211^31,^1,^51 is not also equal to zero, then rank(L)f') > 4 . Therefore, /21, ^3i, ^4i, ^5i are 
all zero. □ 


By symmetry and Lemma 3.9 it is clear that each column of the matrix L has exactly 
one nonzero entry. Since L is invertible, L must be semi-permutation. Therefore, the full 
automorphism group Aut(Al) is generated by semi-permutation matrices. 

□ 


Remark 3 . 10 . Notice that the efficiency of the differential method depends on the dimen¬ 
sion and the degree of the hypersurface in question. For example, let X : x\x2 + x\x^ -t- 
X3X4 -|- 0:4X5 -|- X5X1 = 0 be the Klein cubic threefold in Then, Aut(X) is not generated 
by semi-permutation matrices by the main result of |Ad 78 | based on Klein’s work. However, 
it turns out that for quintic threefolds, our differential method is quite useful. 


Remarks 3 . 11 . Using the differential method, we can give explicit examples of smooth 
quintic threefolds such that the defining equations are of simple forms but the full auto¬ 
morphism groups are very small. We believe that these examples are of their interest. 

a) If X := {xf -|- x|xi -|- x|x2 + X4X3 -|- X5X4 -|- Xg = 0 } then Aut(X) is trivial (cf. |Pon,^l 
Table 1 ]). 

b) If X := {xfx2 + XnX3 -|- X0X4 -|- xlx5 + x\ + x?Xg = 0 | then Aut(A) = C2 and 
[A] e Aut(X), where A = diag(-l, 1 , 1 , 1 , 1 ) 

c) If X := {xfx2 + x|xi -|- X3 -|- x|x3 -|- X5X4 -|- X4X4X5 = 0 } then Aut(X) = C3 and 
[A] e Aut(X), where A := diag(C3,C|, 1 , 1 , !)• 

d) If X := {xf -I-X2X1 -I-X3X2 -I-X4X3 -I-X4 -I-X5 = 0 } then Aut(A) = and [A] G Aut(A), 


where A := diag(l, 1 , 1 , 1 , ^5). 

However, there do not exist smooth quintic threefolds whose full automorphism group 
Aut(X) are Cp if p is a prime larger than 5 (see Theorem 5.13 Theorem 5.14 and Theorem 


5 . 15 ). 


4. SCHUR MULTIPLIER AND LIFTABLILITY OF GROUP ACTIONS 


Let G be a finite group. The Schur multiplier is by definition the second cohomology 
group H'^{G,C*). We denote it by M{G). 

Theorem 4 . 1 . (Hochschild-Serre exact sequence) (See, for example, |Su 82 l Chapter 2 , ( 7 . 29 )]J 
Let H be a eentral subgroup of G. Consider the natural exaet sequence: 

1 — >H ^G ^ G/H —^ 1 . 

Then the induced sequence 


1 ^ Hom(G/R,C*) ^ Hom(G,e) ^ Hom(R,C*) ^ M{G/H) M{G) 

is exact. 

Theorem 4 . 2 . (See, for example, |Su 82 [ Chapter 2 , Corollary 3 to Theorem 7 . 26 ]) Let p 
be a prime number. Let P he a Sylow p-subgroup of G. Then the restrietion map M{G) —)• 
M{P) induees an injective homomorphism M{G)p —>■ M{P). 
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Notation 4 . 3 . Let A = (aij) € GL(n,C), and let F € C[xi,...,Xn] be a homogeneous 
polynomial of degree d. We denote by A{F) the homogeneous polynomial 


i=l i=l 

Definition 4 . 4 . ( 1 ) We say F is A-invariant if A{F) = F. In this case, we also say A 
leaves F invariant, or F is invariant by A. We say F is A-semi-invariant if A{F) = XF, for 
some A G C*. 

For example, let A = diag(l,^5,^5,^|) and F = xfx2 + x|x3 + x|x4 + xfx^ + xfxi, 
then A{F) = ^5-F, so F is A-semi-invariant but not A-invariant. 

( 2 ) Let G be a finite subgroup of PGL(n, C). We say F is G-invariant if for all g G G, 
there exists Ag G GL(re, C) such that g = [Ag] and Ag(F) = F. 

For example, let X be a smooth quintic threefold defined by F and G is a finite subgroup 
of PGL( 5 , C). Then F is G-invariant if and only if G is a subgroup of Aut(X). 

( 3 ) Let G be a finite subgroup of PGL(n, C). We say a subgroup G < GL(n, C) is a lifting 
of G if G and G are isomorphic via the natural projection vr : GL(n, C) —)• PGL(n, C). We 
call G liftable if G admits a lifting. 

Remark 4 . 5 . Subgroups of PGL(n,C) do not necessarily admit liftings to GL(n, C). 

For example consider the dihedral group Dg := (a, 6|o^ = 6^ = = a“^). Then 

the map 



defines a projective representation p : Dg —PGL( 2 ,C). However, this is not induced 
by any linear representation Dg —)• GL( 2 , C), that is, this Dg does not admit a lifting (see 

e.g. |Og 05 | ). 

Definition 4 . 6 . ( 1 ) Let G be a finite subgroup of PGL(n,C) and F G C[xi,...,x„] be a 
homogeneous polynomial of degree d. We say G is F-liftahle if the following two conditions 
are satisfied: _ 

1 ) G admits a lifting G < GL(n, C); and 

2 ) A{F) = F, for all A in G. 

In this case, we say G is an F-lifting of G. 

We say G is F-semi-liftable if 2 ) is replaced by the following: 

2 )' for all A in G, A{F) = XaF, for some Ayi G C* (depending on A). 

( 2 ) Let h be an element in PGL(re, C) of finite order. As a special case, we say F G 
GL(n, C) is an F-lifting of h if t^{H) = h and the group {H) is an T-lifting of the group 
{h). 

Example 4 . 7 . a) Let F = x\ + X2 + + x\ + x^ and let G be the subgroup of PGL( 5 , C) 

generated by [Ai] and [A2], where Ai = diag(^5, 1 , 1 , 1 , 1 ), A2 = diag(l,^5, 1 , 1 , 1 ). Then, 
clearly, G = G5 and G is F-liftable. 
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generated by [j 4 i] and [^2], where 

/o 1 0 0 o\ 

^1 = 


x|x5 -|- xfxi and let G be the sub 

o\ 


0 

0 

0 

0 

0 


0 ^5 0 0 0 

0 

, ^2 = 

0 0 0 0 

1 


0 0 0 0 

V 


0 

0 

0 

0 


Then F is G-invariant, but G is not T-semi-liftable (in fact, G is not liftable). 


Theorem 4.8. Let G he a finite subgroup o/PGL(n, C). Let F G C[xi,...,x„] be a nonzero 
homogeneous polynomial of degree p, where p is a prime number. Suppose F is G-invariant. 
Let Gp be a Sylow p-subgroup. Then G is F-liftable if the following two conditions are 
satisfied: 

(1) Gp is F-liftable; and 

( 2 ) either Gp has no element of order p^ or G has no normal subgroup of index p. 

Proof. Suppose both (1) and (2) are satished. 

Let Gp be an F-lifting of Gp. Define H = {g £ G|order of g coprime to p}. Let h £ H 
and m be the order of h. Then there exists a unique F-lifting of h. In fact, for any 
Ah £ 77“ ^(h), there is A G C* such that Aff = Xln- Let a be a complex number such that 
a™ = j. Then (aAh)^ = In- Replacing Ah by aAh, we obtain Aff = 

Since F is G-invariant we have Ah{F) = X!F for some A' G C*. Since F = {A^){F) = 
(A')”*F we have (A')™' = 1 . So A' = for some 1 < j < m. Since m and p are coprime so 
there exists i G Z, such that pi-\-j = 0 (mod m). Then {ff^Ah){F) = Cmf,mF = F = F. 
So Cm-^h is an F-lifting of h. Hence an F-lifting of h exists. For a similar reason, h has a 
unique F-lifting. 

We define H = {Ah £ GL(n,C)|/i G H,Ah is the unique F-lifting of h}. Let G be the 
subgroup of GL(n, C) generated by Gp and H. 

We have the exact sequence 


Kervrl 


G 


~ Trip; 

G G^ 1. 


Here Kervrlg is either trivial or is generated by diag(^p, • • • ,^p). 

If Kervrlg = 1 , then G is an F-lifting of G and hence we are done. 

Next we consider the case when Kervrlg is generated by diag(^p, • • • ,^p). We have the 
following commutative diagram: 



where the vertical maps are natural inclusion maps. Applying Theorem 4 . 1 , we get the 
commutative diagram: 
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1 


-> Hom(Gp, C* 


Hom(G, C* 


-> Hom(Gp, C*) 


-)■ Hom(G, C* 


A 1 


AM(Gp 


Res 


7 - Hom(Ker 7 r| 


) M{G) 


G’ 


By Theorem 4 . 2 , the map (/)|M(G)p : M{G)p —)• M{Gp) is injective. Since Hom(Ker 7 r|g, C 


is isomorphic to CL, the map Tra is the trivial map. So the map Res is surjective. 


Therefore, there exists a homomorphism / 
is injective. 


G 


C* such that the restriction /|Ker7r|- 


If Gp has no element of order p^, the Sylow p-subgroup of /(G) is the group consisting 


f{G) 


C„ 


of the p-th roots of unity. So, there exists a surjective homomorphism a 
Then Ker(Q! o /) is an F-lifting of G. 

When G has no normal subgroup of index p, we take any surjective homomorphism 
(3 : f{G) —)■ Gp. Then Ker (/3 o /) is an F-lifting of G. 

□ 


In the rest of this section, let X <z¥‘^ he a smooth quintic threefold defined hy F. 


Theorem 4 . 9 . Assume that g G Aut(X) and ord(5f) = 5 ’' 
necessarily of order 5 . 


(n> 1 ). Then n = 1 , i.e. g is 


Proof. It suffices to show that there is no G Aut(X) such that ord(5() = 5^. 

Assume to the contrary that there is <7 G Aut(X) such that ord((7) = 5^. 

Without loss of generality we may assume g = [A] and A = diag(^25)?25>^2l>?25 5?25)5 
and F is A-semi-invariant. 

There are two possible cases: 1) xf G F for some i] 2) xf ^ F for all i. 

Case 1): We may assume xf G F. Replacing A by we may assume A = 

diag(l, ^25) ?25! ?25> ^25)- Then A(F) = F. Clearly A must have order 25 . We may as¬ 


sume 02 = 1 and hence A = diag(l, C25, ?25> ^2^ ^25)- 


By Proposition 3.3 x^Xj G F for some j. But both x^xi and x^ can not be in F since 


A(x2Xi) 7^ X2X1 and A(x2) 7^ x^. Then we may assume X2X3 is in F. Then A(x2X3) = X2X3 
implies 03 = — 4 (mod 25 ). 


Similarly, we may successively assume X3X4 G F, X|X5 G F. Then A = d iag( l, ^25, ^25 > ?25 > ■^25) 
Hence, then x^Xj ^ F for all 1 < i < 5 , a contradiction by Proposition 
So the case 1 ) is impossible. 


3.3 


Case 2 ) We shall see the case 2 ) is impossible by argue by contradiction. We may assume 
x\x 2 G F and A = (1,^25>^255?25)^2|)- Then there are three possibilities: 

Case 2 )-i) The number 02 is coprime to 5 . Then we may assume A = ( 1 , ^25, ^25 > '^25 > '^25) 
and then A(F) = ^25-^. 


As in case 1 ) above, using A(F) = ^25-^ and Proposition 3 . 3 , we may successively assume 
X2X3 G F, x|x4 G F, X4X5 G F. Then A = diag(l, ? 25 , ^25' Then x|xj ^ F for all 

z, a contradiction by Proposition | 3 . 3 [ So the case 02 is coprime to 5 is impossible. 


Case 2 )-ii) 02 is divided by 5 but not by 25 . Then we may assume 02 = 5 and hence 
A = ( 1 ,^ 25 )? 25 >? 25 >^ 25 )' Then A(F) = Using similar arguments to case 2 )-i), we see 

that this case is also impossible. 
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Case 2 )-m) 02 is divided by 25 . Then A = ( 1 , l,^255?25)^2l)' assume 03 = 1 

and hence A = (1, 1 ,65, ?25 > ^2l)' We have A(F) = F since A{x\x2) = x\x2- Using similar 
arguments to the case 2)-i), we see that this case is also impossible. 

Therefore, the case 2 ) is impossible. 

□ 


Remark 4 . 10 . By Theorem 4 . 9 , if G C PGL( 5 , C) is a subgroup of Aut(X), the condition 
( 2 ) in Theorem 4.8 is always satisfied and hence G is T-liftable if and only if G5 is T-liftable. 


Lemma 4 . 11 . Let A = diag(ai,..., On) and A' = diag(a']^,..., a'„) he two diagonal nx n 
matrices. Suppose B := (bij) is also an n x n matrix and BA = A'B. Then bij = 0 if 

Oj / a'j. 


Proof. By an easy computation, BA = (ajbij) and A'B = {a'^pij). Then Ojbij = a'^pij 
because BA = A'B. Hence b^j = 0 whenever aj ^ a'^. □ 


Remark 4 . 12 . The above simple fact is very helpful to determine the “shape” of the 
matrices we will consider, and it will be used frequently (either explicitly or implicitly) in 
the rest of this paper. 


The next two lemmas tell us a very useful fact: if a group G C PGL( 5 , C) is a subgroup 
of Aut(A), G is isomorphic to C5 or C*!, and G is not F-liftable, then G must be generated 
by “very special” matrices. 


Lemma 4 . 13 . Let g G Aut(A) with ord(5) = 5 . The group {g) is not F-liftable if and only 
if, up to change of coordinates, g = [A] and A{F) = and x|x 2 , X 3 X 4 , X 4 X 5 , X 5 X 1 G 

F, where A = diag(l,^5,^|). 


Proof. We may assume g = [A], where A := diag(l,,^5,^5,^5) with 0 < a,6,c,d < 4 . 
Since A{F) F, we have xf ^ F. By the smoothness of F, we may assume x\x2 G F. 
Then a 0 . We may assume o = 1 . Then A{F) = f^^F as A(xfx2) = ^5xfx2. 

Then by the smoothness of F and Proposition | 3 . 4 | ( 1 ), we may successively assume 
X2X3, X3X4, X4X5 G F. Then A{F) = f^^F implies 6 = 2 , c = 3 , d = 4 . Furthermore, the 
smoothness of F implies XgXi G F. The lemma is proved. □ 


Lemma 4 . 14 . Suppose = N < Aut(A). The group N is not F-liftable if and only if, up 
to change of coordinates, N is generated by [Ai] and [A2], where Ai = diag(l, ^5, ^5, ^5, ^5) 
and 


A2 


/o 1 0 0 o\ 
0 0 10 0 
0 0 0 1 0 
0 0 0 0 1 
\l 0 0 0 0/ 


Proof. “If” part is clear. We prove “only if” part. 

Suppose N is not F-liftable. We may assume N = ([Ai], [A2]) and A^ = A^ = Is. Since 
N is abelian, A2A1 = A1A2 for some 0 < A: < 4 . 

Case (i) k = 0 . Then A2A1 = A1A2. Therefore, Ai and A2 can be diagonalized simulta¬ 
neously under suitable change of coordinates. So we may assume Ai = diag(l,^5,1,^5, ^5), 
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and A2 = diag(l, 1 ,.^5,.^5). Then by Lemma 4 . 13 , we must have Ai(F) = A2(F) = F. 


However, then {Ai,A2) is an T-lifting of N, a contradiction to our assumption. So A: 7^ 0 . 

Case(ii) k ^ 0 . Replacing A2 by A2 for suitable j if necessary, we may assume A: = 1 . 
Then 742^1^2^ = We may assume Ai = diag(l, ^5, ^5, ^5, ^5), where 0 <a<b<c< 

4 . The matrices Ai and ^5^1 mnst have the same characteristic polynomials. Therefore, 


(A - 1)(A - ^5){t - - W = (A - e5)(A - ei)(A - 

This implies a = 2 , b = 3 and c = 4 , i.e., Ai = diag(l, ^5, ^5, ^5, ^5)- 
By the identity A2A1 = ^5AiA2 and Lemma | 4 . 1 H we may assume 


A2 


0 ai 0 

0 0 02 

0 0 0 

0 0 0 

^05 0 0 


for some 01,02,03,04,05. Here 0402030405 — 
coordinates x[ = xi,X2 = 04X2,0:3 = 0i02X3,X4 
Ai = diag(l,C5,?5>?5>^5) and 


0 0\ 

0 0 
03 0 

0 04 

0 0 / 

1 as ^2 = I5. 

= 040203X4, X5 


Then after changing of 
= 04020304X5, we have 


A2 


/o 1 0 0 o\ 
0 0 10 0 
0 0 0 1 0 
0 0 0 0 1 
\1 0 0 0 0 / 


□ 


In many cases, subgroups of small order imply T-liftability of G. 

Lemma 4.15. Let G < Aut(X) and |G| = 5 "'g, where q and 5 are coprime, and n = 1 or 
2. If G contains a subgroup of order 2 • 5 ”, then the group G is F-liftable. 


Proof. Suppose H < G and \H\ = 2 - 5 "'. 

it suffices to show that H is T-liftable. 


By Theorem 4 .^ 


If re = 1 , then H = Cio or Diq. 

Suppose H = Cio and H is not T-liftable. By Lemma 4 . 13 , we may assume there exists 
g £ H such that ord(5() = 5 , g = [H], A{F) = f^^F and x^X2, X2X3, x|x4, X4X5, x|xi G F. 
Here A = diag(l, £5, f?, £?, £l). Let h^ H with order 2 then we can hnd B G GL( 5 ,C) such 
that h = [B], B{F) = F and ord(H) = ord(/i) = 2 . 

Since gh = hg, it follows that AB = \BA for some nonzero constant A. By considering 
eigenvalues, we find A = 1 . In fact, ABA~^ = XB impli es A^ = 1 , and B~^AB = AH implies 
A® = 1 , and hence A = 1 . Then AB = BA. By Lemma 4.11 B must be a diagonal matrix. 
So B=diag(±l, ± 1 , ± 1 , ± 1 , ± 1 ). Since x^X2, x|x3, x|x4, X4X5, x|xi G F and B{F) = F, 
we have B = diag(l, 1 , 1 , 1 , 1 ), which is absurd. 

So H must be T-liftable if LA = Ciq. 

Similarly, if LA = AAio or re = 2 , then H is also A^-liftable. The arguments are slightly 
more involved (e.g. use Lemma 4.14 in the case re = 2 ), but the idea and computations are 
quite similar. So we may leave detailed proofs for the readers. □ 
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5. SyLOW p-SUBGROUPS OF Aut(X) IF p 7 ^ 2, 5 


Our main results of this section are 


Theorems [ 5 T 01 [ 5 T 4 | and [ 5 T 5 


5 . 1 . All possible prime factors of |Aut(X)|. 

Theorem 5.1. f [GL 13 t Theorem 1 . 3 ]J Let n > 1 and d > 3 be integers, and {n,d) 7^ 
( 1 , 3 ), (2,4 ). Let q be a primary number, i.e., q = for some prime p, such that gcd{q, d) = 
gcd(g, d — 1 ) = 1 . Then q is the order of an automorphism of some smooth hypersurface of 
dimension n and degree d if and only if there exists I G {l,...,n + 2} such that 

(1 — df = 1 mod q. 


Proof. We include the proof here for the reader’s convenience (cf. |GL 13 l Theorem 1 . 3 ] and 
the proof there). 

To prove the “only if” part, suppose F G C[xi,..., x„+2] is a homogeneous polynomial 
of degree d such that the hypersurface X := {T = 0 } C is smooth and admits an 

automorphism ip of order q, with gcd(g, d) = gcd(g, d — 1 ) = 1 . Without loss of generality, 
we may assume ip = [A], where A = diagd^^,..., 0 < cTj < q— 1 , for all 1 < i < n + 2 . 

We have A{F) = f,gF. Let b be an integer such that db = —a mod q. Such a b always 
exists as gcd{q,d) = 1 . Then (^gA)(F) = = F. So replacing A by ^^A if necessary, 

we may assume A(F) = F. No w c hoose an index fci such that gcd(crfc^,g) = 1 . By 
smoothness of F (see Proposition 3 . 3 ), G F for some ^2 G { 1 , ...,n + 2 }. Because 


of A{F) = F, we have 


= ^Xk2 so that 


( 5 . 1 ) (Tfej = (1 - d)fTA:i mod g. 

Furthermore, since gcd{q, d — 1 ) = 1 , we have fjfcj 7^ 0 mod q, and since gcd(g, d) = 1 we 
have k2 ^ ki- 

Applying the above argument with ki replaced by k2, we let k^ be an index such that 
A(x^“^Xfc3) = and x'^^Xk^, £ F. Iterating this process, for all i G { 4 , ...,n + 3 } we 

find ki G { 1 , ...,n + 2 } such that A(x^“^^XfcJ = xf~}^Xki and xf~}^Xki G F. 

By the equation ( 5 . 1 ), we have 

for all i G { 3 ,..., n + 3 }, CTk^ = (1 - d)aki_2 = (1 - df‘ak,_2 = (1 - d)*“Vfc3 mod q, 


and all of the (7^. are non-zero. 

Since ki G { 1 , ...,n-|- 2 }, there are at least two i,j G { 1 , ...,n-|- 3 }, i > j such that ki = kj. 
Thus (Tfc- = CTfcj, and since = (1 — d)*“^cjfcj mod q and ak^ = (1 — dy~^ak^ mod q, we 
have (1 — dy~^ak2 = (1 — dy~^aki mod q. Then (1 — dy~^ = 1 mod q as gcd(l — d,q) = 
gcd(cjfc3,g) = 1 . This finishes the proof of “only if” part. 

To prove “if” part, let g be a positive integer such that gcd(g', d) = gcd(g,d — 1 ) = 1 , 
and assume that there exists I G {l,...,n -|- 2 } such that (1 — d)^ = 1 mod g. We let 

l-l n+2 

F G C[xi,..., Xn+2] be the homogeneous polynomial F = E xf ^Xj+i -h ^ xf. By 

i=l i=l+l 

construction, the hypersurface X := {F = 0 } C admits the automorphism [A], where 
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A = diag(^g,e '^,■••,6 


,{i-dy 


1 , 1 ). One can check the smoothness of X by the Jacobian 


criterion (cf [GL 131 Example 3 . 5 ]). 


□ 


In the rest of this section, let X he a smooth quintic threefold defined by F. 

Let us consider the numbers (1 — 5 )^ — 1 , for 1 < / < 5 . These five numbers are 
- 5 , 15 , - 65 , 255 , - 1025 . Since 15 = 3 • 5 , 65 = 5 • 13 , 255 = 3 • 5 • 17 , and 1025 = 5^ • 41 , all 
possible primary orders of elements in Aut(JT) are 2 “, 3 , 5 ^, 13,17 and 41 by Theorem 


5.1 


Lemma 5 . 2 . Let g G Aut(A). Suppose ord(5) = where a > 0 and p = 2 , 3 , 13,17 
or 41 . Then under suitable change of coordinates, we may assume g = [A], where A := 
diag(^pa,,fpj.,^p|,^p^,^p^) (bi,...,bi are integers) and A{F) = F. 

Proof. By Theorem | 4 . 8 [ g has an T-lifting, say A. Then g = [A],ord(A) = ord(5() = 
and A{F) = F. Clearly by suitable change of coordinates if necessary, we may assume 

Lemma 5 . 3 . Suppose [A] G Aut(A) and A{F) = F. If is an eigenvalue of A with 
multiplicity > 3 , then = 1 . 

Proof. Suppose ^ is an eigenvalue of A with multiplicity > 3 . We may assume A = 
diag(^, a, f 3 ). Since X is smooth and defined by F, F can not be written as X4.II + X5G, 
for some H and G. Then there exists monomial x^fxlfx^f & F, ii + i2 + is = 5 , ij > 0 . 


Since A{F) = F, it follows that A(xYx^f x^^) = 


2 - ‘L1 ‘Lq Jb 


3 > 


SO = 1 . 


□ 


5 . 2 . Sylow p-subgroups of Aut(X) for p = 3 , 13,17 or 41 . 


Lemma 5 . 4 . Suppose g G Aut(X) and ord(5f) = 3 . Then we may assume g = [A] and 

MF) = F, w/iere A = diag(^3,?i,l,l, 1) or diag(^3, !)• 


Proof. By Lemma 


5.2 


we may assume g = [A], A = diag(^3, ^3^, ^3^,^3^, ^3"*) and A(F) = F. 
Then note that X is smooth. So, by Proposition 3.4 ( 1 ) and A(xf) 7^ xf, we may assume 
x\x2 in F and hence 61 = 2 (mod 3 ). Then A = diag(^3,^|,^3^,.^3^,^3"‘). 

If A = diag(g3,^3 , ^3, 1 , 1 ), then F G (X2) + {x4,x^)‘^, a contradiction to the smoothness 
of X by Proposition [ 0 | ( 3 ). So A / diag(^3,^3, 1 , 1 ). Similarly, A / diag(^3, 1 , 1 ). 

By Lemma [5. 3 | the multiplicities of ^3 and as eigenvalues of A are less than or equal 
to two. 

Therefore, we may assume A = diag(^3, ^|, 1 , 1 , 1 ) or diag(^3, ^|, ^3, ^|, 1 ). □ 

Lemma 5 . 5 . The group Cf can not be a subgroup of Aut{X). 

Proof. As sum e to the contrary that there exists G < Aut(X) such that G = G^. By 
Theorem 4 . 8 , G has an T-lifting, say G. Then by Lemma 5.4 we may assume that 
G = (Ai,A 2,A3), where Ai = diag(.f3,,^3,,^3^^3^^3^), xfx2 G F and A2, A3 are diago¬ 
nal matrices whose eigenvalues are the third roots of unity. 

Replacing A2 by A] A 2 for some i if necessary, we may assume A2 = diag(l, 1 , ^3^, ■^3® j ^3’*)- 


Then by Lemma 5.4 we may assume A2 = diag(l, 1 , ^3, 1 ) and hence X3X4 G F. 


Again replacing A3 by A3A3 for some i if necessary, we may assume A3 = diag(l, 1 , ^3^, ^3^, C3. 
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Since x|x4 G F, replacing ^3 by A2A3 for some i if necessary, we may assume A3 = 
diag(l, 1,1,1,^^), j = 1 or 2. 

Then A3{xfxk) 7^ xfxk for any 1 < k < 5. However, then xfxk ^ F for all k, a 
contradiction to the smoothness of X by Proposition 3.4 ( 1 ). □ 


Remark 5.6. In general, if an abelian group acts on a smooth quintic threefold (assuming 
the action is F-liftable), then the matrices inducing the action are often of very special kind. 
In fact, the proofs of Lemmas | 5 . 4 | and | 5 . 5 | tell us how to determine such matrices. First, 
we may assume those matrices are diagonal. Then by smoothness of F and computation 
(using Mathematica), we can exclude many possibilities and only few possibilities for those 
matrices are left. 


Theorem 5.7. Let G be a subgroup of Ant{X) such that |G| is divided by 3. Then G 3 = G 3 
or C^. 

Proof. Clearly it suffices to show that there exists no groups of order 27 acting on smooth 
quintic threefolds. 

Assume to the contrary that H < G and \H\ = 27 . 

By the classification of groups of order 27 , there are hve different (up to isomorphism) 
groups of order 27 : G 27 , Cg x G 3 , UT{3,3) (it is, by definition, the unitriangular matrix 
group of degree three over the field of three elements), Gg » G 3 , G^. 

By Lemma 5.4 H is not isomorphic to G 27 , Gg x C3 or Gg x G 3 . By Lemma 5 . 5 , H is 
not isomorphic to Cf. 

So H must be isomorphic to UT{3,3). Then, by Theorem 4 . 8 , H has an F-lifting, say 
H < GL( 5 , C). This subgroup F is a faithful hve dimensional linear representation of 
UT{3,3). By looking at the character table of UT{3,3) (see e.g. GAP and Section]^ for 
more details about GAP), H contains a matrix which has ^3 as an eigenvalue of multiplicity 


3 , a contradiction to Lemma 5.3 


□ 


Theorem 5.8. Let G < Aut(A). Suppose |G| is divided by 13. Then G 13 = G 13 . Let g be 
a generator of G 13 . Then we may assume g = [A],A{F) = F, A = diag(^i 3 , ^^ 3 ,1,1) 

and 

F = x\x2 + x\x3 + X3X1 + XiX2X3G{xa, X 5 ) + H{x4, X 5 ) 
where G and H are of degree 2 and 5 respectively. 


Proof. By Theorem 5 T G 132 can not act on X. In order to show G13 = C13, it suffices to 
show that 6*33 can not act on X. 


Suppose G has a subgroup, say F, isomorphic to Cf^. By Theorem 


4.8 


F has an F- 

lifting, say H. We may assume F = (^ 1 ,^ 2 ). So Ai(F) = A2{F) = F and A1A2 = A2A1. 
We may assume that both Ai and A2 are diagonal and Ai = diag(^i3, ^33, .^^3,^Jg). 

Now we argue by the same way as in Lemmas and \5.^ 

By Ai(F) = F we may assume xix2 G F. Then At(F) = F implies b-i = — 4 (mod 13 ). 

SoAl = diag(el3,C^3^e?|,^l1,??|). 

Similarly we may assume X2X3 G F. Then Ai = diag(^i3, ^fg^, .^fg,^Jg, ^Jg) and 63 = 64 = 
0 (mod 13 ). 
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Therefore = diag(Ci3, ^13^,^13,1,1). 

Note that a degree five monomial is left invariant by Ai if and only if 


h — 4i2 + 3^3 = 0 (mod 13 ). 

Then by computing (e.g., by using Mathematica) invariant monomials of Ai, we have 
F = aixfx2 + 023^22^3 + <33X3X1 + XiX2X3G(x4, X5) + H{x4, X5). 


By Proposition | 3 . 3 t 030203 / 0 . We may assume oi = 1 . By adjusting variables X2 and 
X3 by nonzero multiples we may further assume 02 = 03 = 1 . Then replacing A2 by ^1^2 
for some j if necessary we may assume A2 = diag(l, ^33, ^33, 

By the expression of F and A2{F) = F, we must have ci = C2 = 0 (mod 13 ), i.e., 
A2 = diag(l, 1 ,1,^13)^13)- Therefore, C33 can not act on X. 

So Gi 3 = (713. Furthermore, by arguments above we may assume G13 is generated by 
['iiag(63, ?r3'^, ?i3,1,1)] and 

F = x\x2 + X2X3 + X3X1 + XiX2X3G(x4, X5) + H{xa, X5) 
as wanted. □ 


Theorem 5.9. Let G < Aut( 7 f). Suppose |( 7 | is divided by 17 . Then Gn = Cyj. Let g be 
a generator of Gn. Then we may assume g = [A], j 4 (F) = F, A = diag(^i7, ^37, 1 ) 

and 

F = X1X2+X2X3 + XIX4 + X4X1 +X 5 +OXiX 2 X 3 X 4 X 5 + 6 xiX 3 X 5 + CX 2 X 4 X 5 + dXix|x5 + eX2X4X5, 

where a,b,c,d,e are complex numbers (possibly zero). 

Proof. Similar to proof of Theorem | 5 . 8 [ □ 

Theorem 5.10. Let G < Aut(A). Suppose |( 7 | is divided by 41 . Then (74i = Cn. Let g be 
a generator of Gil. Then we may assume g = [A],A{F) = T, A = diag(^4i, .^4®, ^43, ^43) 
and 

F = X1X2 + X2X3 + x|x4 + X4X5 + X5X1 + OX1X2X3X4X5, 

where a is a complex numbers (possibly zero). 

Proof. Similar to proof of Theorem | 5 . 8 [ □ 

5 . 3 . Brauer’s Theorem and Aut(A). 

Theorem 5 . 11 . f [Br 421 Theorem 3 ]J Let p be a prime number and G be a finite group 
such that Gp = Gp and Gp is not a normal subgroup. Then the degree of any faithful 
representation of G is not smaller than 2 ^. 

Theorem 5.12. Let X be a smooth quintic threefold. Let G be a subgroup of Aut(A). 
Suppose |G| is divided by p, where p is one o/ 41 , 17 , 13 . Then Gp is a normal subgroup of 

G. 


Proof. Our proof is inspired by [Ad 78 j 

Since p = 13 , 17 , or 41 , we have Gp = Gp by Theorems | 5 . 8 [ | 5 . 9 |and| 5.10 


The group G is a finite subgroup of PGL( 5 , C) = PSL( 5 , C). We have an exact sequence 


SL( 5 ,C) 4 PSL( 5 ,C) 
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where Z denotes the center of SL( 5 ,C), a group of order 5 . Denote by Q the preimage 
9 ~^{G) of G in SL( 5 , C) under 9 . The order of ^ is 5 • |G|. Let Gp be a Sylow p-subgroup 
of G. Then Gp = Gp b y our assumption of p 
Applying Theorem 


5.11 


which means Gp is normal in G. 


Gp is normal in In fact, 5 < So vr(^p) is normal in G, 

□ 


(Theorems 5 . 13 , 5.14 and 5 . 15 ). 


Using Theorem 5 . 12 , we shall study Aut(A) when |Aut(X)| is divided by 41,17 or 13 


Theorem 5.13. Suppose Aut(A) contains an element of order 17. Then Aut(X) is iso¬ 
morphic to a subgroup of the group appears in Example ( 13 ) in Example 2 . 1 , and |Aut(A)| 
is divided by 2. 


Proof. By Theorem 5 . 9 , Aut(X)i7 = C17. Let g he a generator of Aut(X)i7. Then we may 
assume g = [A], A{F) = F, A = diag(^i7, ^fy, 1 ) and F is of the form (just compute 

invariant monomials of A using Mathematica) 

F = +X2X3 + XIX4 + X4X1 +X5 +0X1X2X3X43:5 +6xiX3X5 + CX2X4X5 + dxfx|x5+ 6X22:4X5, 

where a, b, c, d, e are complex numbers (possibly zero). 

By Theorem 5 . 12 , Aut(X)i7 is normal in Aut(X). 

Let h be an element of Aut(A). Suppose h = [B] for some B G GL( 5 ,C). We can 
choose B such that B{F) = F. By normality of Aut(A)i7 we have hgh~^ = g^ for some 
k. Then BAB-^ = XA^ for some nonzero constant A. Clearly F = (BAB ^){F) = 
{XA^){F) = X^F. Then = 1 . Since A and AA*^ must have the same set of eigenvalues 
we have A^^ = 1 . Then A = 1 , i.e., BAB~^ = A^. By t he shape of A (eigenvalues), 
k = 1 , — 4,16 or 4 (mod 17 ). By BA = A^B and Lemma 4.11 we can show that B must be 
a semi-permutation matrix. 

Then by the shape of F above, B must leave F' := xfx2 + 3:^x3 + x|x4 + X4X1 + X5 
invariant. Let G C PGL( 5 , C) be the group as in Example ( 13 ) in Example | 2 . 1 [ Therefore, 


Aut(A) is a subgroup of G by Theorem 3.8 


Notice that no matter what a, b, c, d, e are, the following matrix can always act on X: 

/O 0 1 0 0\ 

0 0 0 1 0 

1 0 0 0 0 

0 10 0 0 

\0 0 0 0 1 / 

Therefore, Aut(A") contains an element of order two. □ 

Theorem 5.14. Suppose Aut(A) contains an element of order 41 . Then Aut(X) is iso¬ 
morphic to a subgroup of the group appears in Example ( 15 ) in Example 2 . 1 , and |Aut(A)| 
is divided by 5 . 


□ 


Proof. The proof is the same as that of Theorem 5 . 13 [ 

Theorem 5.15. Suppose Aut(A) contains an element of order 13 . Then Aut(X) is iso¬ 
morphic to a subgroup of one of the three groups G which appear in Example ( 9 ), Example 
( 12 ) and Example ( 16 ) in Example 2.1 and |Aut(A)| is divided by 3 . 
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Proof. Proof is the same as that of Theorem 5.13 except that there are 3 possible maximal 
G. □ 


6. Sylow 2-subgroups 


In this section, X is always a smooth quintic threefold defined by F. 

In this section, we study Sylow 2-subgroups of Aut(X). 

In the rest of the paper, we extensively use the mathematical software GAP. In GAP 
library, groups of order < 2000 are stored (except groups of order 1024). In GAP, all the 
information (structure descriptions, subgroups, character tables, automorphism groups, 
etc.) of these groups we need are included. 

A terminology used in GAP: SmallGroup(a, b):= the 6-th group of order a. 

For example, by classification, up to isomorphism, there are exactly five different groups 
of order 8: Cs, C 4 x C 2 , Ds, Qg, C^- In GAP, these five groups are stored in a specific order. 
In fact, SmallGroup(8,1) = Cg, SmallGroup(8,2) = x C 2 , SmallGroup(8,3) = Dg, 
SmallGroup(8,4) = Qg, SmallGroup(8, 5) = Gf. 

In the rest of this paper, if no confuse causes, we use the following: 

Convention. Let a be a positive integer less than or equal to 2000, and a 7^ 1024. 
Suppose, up to isomorphism, there are ka many different groups of order a. Let 6 be a 
positive integer less than or equal to ka- Then we denote by [a, 6] a group isomorphic to 
SmallGroup(a, 6). In fact, in GAP, [a, 6] is regarded as the “ID” of SmallGroup(a, 6). We 
also call [a, 6] the “GAP ID” of groups isomorphic to SmallGroup(a, 6). For example, [8,3] 
is a group isomorphic to the dihedral group Dg. 

Using GAP, one can quickly find all possible 2-groups which are isomorphic to a subgroup 
of the 22 groups in SectionThere are 25 such 2-groups. For reader’s convenience, we list 
all of them below (including their GAP IDs): 

[2,1] - C2, [4,1] - C4, [4,2] - Cl [8,1] - G8,[8,2] - G4 x C2, [8,3] - Dg, [8,4] - Qg, 

[16.1] ^ C16, [16,2] ^ Ci, [16,5] ^ Cg X C2, [16,6], [16,7] ^ Dig, [16,8], [16,9], [16,13], 

[32.1] ^ G32, [32,3] ^ Cg X C4, [32,11], [32,16] ^ Gig x G2, [32,42], [64,1] ^ Gg4, [64,26] ^ 
Gig X G4, [64,50] ^ G32 X G2, [128,1] ^ Gi2g, [256,1] ^ G256. 

Our goal is to show that the 25 groups above are all possible 2-groups which acts on a 
smooth quintic threefold. In other words, we exclude all other 2-groups. 


Theorem 6.1. Let G < Aut(A). Suppose G is a 2-group. Then G is isomorphic to a 


subgroup of one of the 22 groups in the Examples (l)-(22) in Example 2.1 


Remark 6.2. Here we explain the main ideas of the proof. 

We will exclude groups inductively (from smaller orders to larger orders). Our strategies 
to exclude groups consist of two steps: 

Step one: Let G be a 2-groups of order 2"'. If Theorem 6.1 has been proved for orders 
strictly less than 2” and G contains a proper subgroup which is not isomorphic to one of 
the above 25 groups then the group G is excluded. 

In the sequel, we call this method of excluding groups as sub-test. We always use GAP 
to do sub-test. The detailed GAP codes can be found on the second author’s personal 
website |Yu| . (Sub-test will also be used in Sections and 10 ) Surprisingly, it turns out 
that sub-test is quite effective in our study. 
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Step two: If G survives after sub-test and G is not one of the above 25 groups, we just 
do case by case consideration. 


We now start to prove Theorem 6.1 


Proof. 1) |G| =2: Trivial. 

2) |G| = 4: Trivial. 

3) |G| = 8 ; It suffices to exclude [ 8 , 5] = Cf. 


Lemma 6.3. C| can not be a subgroup of Aut{X). 

Proof. Suppose N < Aut(X) and N = G^. Then we may assume N = ([Ai], [A 2 ], [A 3 ]), 
where Ai = diag(l, - 1 , 1 , 1 , (- 1 )“), A 2 = diag(l, 1 , - 1 , 1 , (- 1 )^), A 3 = diag(l, 1 , 1 , - 1 , (- 1 )''), 
and Ai(F) = A 2 {F) = A^{F) = F. Then xf x'f G F only if zi / 0 or / 0. 

Therefore, F = xiH-\-x^G, for some degree 4 polynomials H and G, a contradiction to the 
smoothness of X. □ 


Lemma 6.4. Let g G Aut(X). Suppose ord( 5 ) = 2 and A is an F-lifting of g. Then the 
trace of A must be positive (more precisely, 1, or 3). 

Proof. Just apply Lemma □ 

Remark 6.5. It turns out this simple lemma is extremely useful to exclude groups in the 
rest of this paper. It is a little mysterious why it is so useful in our study. 


4) |G| = 16: after sub-test, one sees that it suffices to exclude: [16,4], [16,12]. 

Lemma 6.6. [16,4] = (74 xi C 4 is not a subgroup o/Aut(X). 

Proof. Assume to the contrary that [16,4] = G < Aut(X). Then by Theorem |4.8[ G is 
F-liftable, i.e., there exists a faithful representation of degree 5, say p, of [16,4] such that 
A{F) = F for all matrices A belonging to p. 

Next we look at the character table of [16,4], see Figure 

As the group [16,4] is not abelian, the faithful representation p must contain a 2 - 
dimensional irreducible representation. By character values of the conjugacy class 2a and 
Lemma 6.4, p must be of type 2 © 1 © 1 © 1 (i.e., p decomposes into one 2-dimension 


irreducible representation, and three 1 -dimensional irreducible representations). 

If the 2-dimensional irreducible representation contained in p is X.9, then by character 
values of conjugacy class 2b and faithfulness of p, one of X.5, A. 6 , X.7, A .8 must be con¬ 
tained in p. Then the trace of the conjugacy class 2c must be negative, a contradiction to 


Lemma 6.4 Therefore, X.9 is not contained in p. 
Similarly, X.IO is also not contained in p. 

But one of A.9 or X.IO must be in p, a contradiction. 


□ 


Lemma 6.7. [16,12] = G 2 x Qg is not a subgroup 0 /Aut(A). 

Proof. Similar to [16,4]. For the character table of [16,12], see the website |Yuj . 

□ 


5) |G| = 32: Again, after sub-test, it suffices to exclude: [32,4], [32,12], [32,15], [32,17], 
[32,18], [32,19], [32,20], [32,38]. 
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gap> 

CTl 


X. 1 
X. 2 
X. 3 
X. 4 
X. 5 
X. 6 
X. 7 
X. 8 
X. 9 
X. 10 

A = 


Display (Character-Table (SmallGroup (16, 4) ) ) 


24334433343 

la 4a 4b 2a 2b 4c 4d 4e 2c 4f 

1111111111 
1-1 1 1 1 - 1-1 1 1-1 

1 1-1 1 1-1 1-1 1-1 

1 - 1-1 1 1 1 - 1-1 1 1 
1 A 1 1-1 A -A -1 -1 -A 

1 -A 1 1 -1 -A A -1 -1 A 

1 A -1 1 -1 -A -A 1-1 A 

1 -A -1 1-1 A A 1 -1 -A 

2 . .- 22 . . . -2 . 

2 . . -2 -2 . . . 2 . 

E(4) 

Sqrt(-l) = i 


Figure 1. Character table of [16,4] 
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Lemma 6.8. Neither [32,4] = C% ya nor [32,12] = C% is a subgroup o/Aut(X). 
Proof. Similar to [16,4] case. 

□ 


For the remaining 6 cases we need some new tools to exclude. 


Lemma 6.9. Let g G Aut(A) be of order 8 . Suppose A G GL(5,C) is an F-lifting of g. 
Then: 

(i) —1 is one of the eigenvalues of A; 

(a) 7/^8 eigenvalue of A, then the multiplicity of as an eigenvalue of A is exactly 
one; and 

(Hi) If —1 is an eigenvalue of A of multiplicity two, then, up to replacing A by its odd 
power, we may assume A = diag(^8! 1) ~1) !)• 


Proof. We may assume A = diag (^85 ? 8 > '^ 8 ) where 0 < a,b,c,d < 7. Since A{F) = F, 

then xf ^ F. We may assume xfx 2 G F. Then a = 4. So, —1 is an eigenvalue of A, and i) 
is proved. 

For ii), assume to the contrary that ^ 8 ; as eigenvalue of A, is of multiplicity greater than 
one. 

We may assu me A = diag(.^ 8 ) 0 < d < 7. (Since 1 must be an eigenvalue of 

d can not be odd; otherwise, —1 is an eigenvalue of of multiplicity 


5.3 


A.) By Lemma 
three. 

If d = 0,2,6, computing invariant monomials of A (e .g., using Mathematica), we have 
F G (x 2 ) + a contradiction to Proposition |3.4| (3). If d = 4, computing invariant 

monomials of A (e.g., using Mathematica), we have F G (xs) + (xi,X 4 )^, a contradiction. 
So ii) is proved. 

For iii), suppose, —1 is an eigenvalue of A of multiplicity two. Then we may assume 
A = diag(^ 8 ) —1) 1) —1) Cs)) where 0 < d < 7. Clearly d 7 ^ 1 by ii) above. Also d / 4. 

If d = 2,3, 5, 6 , 7, then as before, we have F G (x 3 ) + (xi, xs)^, a contradiction. Therefore, 
iii) is proved. 

□ 


Lemma 6.10. Let g G Aut(X) of order 4. Suppose A G GL(5,C) is an F-lifting of g. 
Then the trace of A is not equal to —1. 


Proof. Assume to the contrary that trA = — 1 . 

Then, up to change of coordinates, A = diag(.^ 4 , —^ 4 , —1, —1,1) or diag(^ 4 , —^ 4 , ^ 4 , —^ 4 , —1). 
If A = diag(^ 4 , —^ 4 ,^ 4 , —.^ 4 , —1), computing invariant monomials of A as in the proof of 
Lemma 6.9, we have F G (xs), a contradiction. 

If A = diag(.^ 4 , —^ 4 , —1, —1,1), then we have F G (xs) + (xi,X 2 )^, a contradiction, as 
before. 

□ 


Lemma 6.11. Neither [32,15] = x C 2 ) nor [32, 28] = (Cs x C 2 ) x C 2 is not a subgroup 

0 /Aut(A). 

Proof. We only give a proof for [32,15]. Proof of [32,28] is similar. Assume to the contrary. 
Then we may assume p is a 5 dimensional faithful representation of [32,15] which leaves F 
invariant. 
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By character table of [32,15] (see Figure]^, since p is faithful, the trace of the conjugacy 
class 2a must be positive and the trace of the conjugacy class 4a is not equal to —1, we 
have that p is of type 2 © 1 © 1 © 1, and the 2 dimensional irreducible representation is one 
of X.ll ~ X.14. 

Considering values of conjugacy classes 8a, 86,8c, by Lemma O, we see that all 8a, 8c 
must have —1 as one of their eigenvalues. 

If X.2 is not in p, then by eigenvalue consideration of 8a, XA must be in p. Then by 
eigenvalue consideration of 8c, X.8 must be in p. Then 86 has —1 as an eigenvalue of 


multiplicity greater than one, a contradiction to Lemma 6.9 

So X.2 must be in p. 

Then X.3 is not in p (otherwise, 8c has —1 as eigenvalue of multiplicity greater than 
one), and X.4 is also not in p (otherwise, 8a has —1 as eigenvalue of multiplicity greater 
than one). Then one of X.7 and X.8 must be in p (by eigenvalue consideration of 86), and 
one of X.5 and X.Q must be in in p (by eigenvalue consideration of 8 h). However, then 
trace of 26 must be negative, a contradiction. 

So such p does not exist and the lemma is proved. 

□ 


Lemma 6.12. //Cm = < G < Aut(A:). Then G = Cg{N). 

Proof. We may assume N = ([A]), A = diag( 66 ,1,0 < 
a < 6 < 15. Suppose G Gg{N), then there exists [B] G G, such that BAB~^ = 

1 < a < 15. Since A and A°‘ have the same characteristic polynomial, so a is odd. 

Case (1): a = 3. Then 

XA{t) = (t-66)(t-er6'')(i-l)(t-e?6)(i-4) = (^-C? 6 )(i-em)(i-l)(i-e? 6 )(i-?? 6 ) = XA<t). 

As {t - divides XA^it), so {t - divides XA{t), too. Therefore, 

a = 3, 6 = 4. Then {t—ffg) divides XA^it) but (t—/ig) does not divide XA{t), a contradiction. 
Therefore, a = 3 is impossible. 

Case (2): a = 5. By the same argument as in Case (1), a = 5 is also impossible. 

Case (3): a = 7. Then XA{t) = XA’^i't) implies a = 4 and 6 = 7. Then F G (x 3 ) + (xi, xs)^, 

contradiction. So this case is also impossible. 

Case (4): a = 9. XA{t) = XA^{t) implies (a, 6 ) = (2, 9), (4, 9), ( 6 ,9), ( 8 , 9), (9,10), 
(9,12), (9,14). If (a, 6 ) = (2,9) or (9,10), then XgXj ^ F, for all 1 < z < 5, so A is 
singular, a contradiction. If (a, 6 ) = (4,9), or (9,12), computing invariant monomials of A 
(e.g., using Mathematica), we have F G (xs) + (xi,X 4 )^, a contradiction. If (a, 6 ) = (6,9), 
(8,9), or (9,14), then F G (x 2 ,X 3 ), a contradiction. Therefore, a = 9 is impossible. 

Case (5): a = 11. By the same argument as in Case (1), a = 11 is also impossible. 

Case ( 6 ): a = 13. By the same argument as in Case (1), a = 13 is also impossible. 

Case (7): a = 15. XAif) = Xa^^{^) implies (a, 6 ) = (4,15), but then F G (X 3 ) + (xi,X 4 )^, 
a contradiction. 

Therefore, we must have G = Gg{X). □ 

Lemma 6.13. None o/[32,17], [32,18], [32,19], [32,20] is a subgroup of Aut{X). 


Proof. By GAP, these four groups are non-abelian and contain a subgroup isomorphic to 
Gi6. So, just apply Lemma[6.12[ □ 
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ga.p> Display (Cha.ira.cter'TalDle ( SmallGiroup ( 32,15 ) ) ) ; 
CT3 

253445533444534 

la 8a 8b 4a 4b 2a 8c 8ci 8e 8f 2b 4c 8g 8h 


X. 1 

1 

1 1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

X . 2 

1 

H 

H 

1 

1 

1 

1 

-1 

-1 

1 

1 

1 

1 

-1 

1 

X . 3 

1 

H 

1 

H 

1 

1 

1 

-1 

1 

-1 

-1 

1 

1 

-1 

-1 

X . 4 

1 

H 

1 

H 

1 

1 

1 

1 

1 

-1 

-1 

-1 

1 

1 

1 

-1 

X. 5 

1 

A 1 

1 

-1 

1 

A 

-A 

-1 

1 

-1 

-1 

-A 

-1 

X . 6 

1 

-A 1 

1 

-1 

1 

-A 

A 

-1 

1 

-1 

-1 

A 

-1 

X . 7 

1 

A -1 

1 

-1 

1 

-A 

-A 

1 

-1 

-1 

-1 

A 

1 

X . 8 

1 

-A -1 

1 

-1 

1 

A 

A 

1 

-1 

-1 

-1 

-A 

1 

X . 9 

2 


-2 

2 

2 





-2 

2 



X. 10 

2 


-2 

-2 

2 





2 

-2 



X. 11 

2 

B 


C 

-2 



D 

-B 


-C 


-D 

X. 12 

2 

. -B 


C 

-2 



-D 

B 


-C 


D 

X. 13 

2 

B 


-c 

-2 



-D 

-B 


c 


D 

X . 14 

2 

. -B 


-c 

-2 



D 

B 


c 


-D 

A = 

E(4)= ; 

Sqrt (-: 

1) ^ 

= i 










B = 

E(8)+E (8) ^3 = 

Sqrt (- 

-2) 

= i2 







C = 

2*E (4) : 

= 2*S<5rt( 

-1) 

= 2i 








D = 

-E (8) +E (8) ^3 = 


S<5rt (2) 


-r2 








Figure 2. Character table of [32,15] 
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This completes the proof for |G| =32. 

6) |G| = 64, after sub-test, it suffices to exclude five groups: [64,2], [64,3], [64,27], 
[64,44], [64,51]. 

Lemma 6.14. Cg x Cg = [64,2] can not be a subgroup o/Aut(X). 

Proof. Suppose Cg x Cg = N < Aut(A). Then we may assume N = ([Ai], [A2]), Ai = 
diag(^8,^8'^,l,?8>?8)>^2 = diag(l, 1, 1 ,C 8 ,? 8 ’'^), Ai(F) = A2{F) = F. Then we may assume 
a = 0. Then 6 = 0 since x\x^ G F. Ai{F) = A2{F) = F implies F G {xg) + (xi,X4)^, a 
contradiction. 

□ 


Lemma 6.15. None of [64,3] = (78 xi Cg, [64,27] = Ciq xi C 4 , [64,44] = C 4 x (7i6 is 
isomorphic to a subgroup of Aut{X). 

Proof. Similar to [16,4] case. (Character tables we need are on the website |Yu) .) □ 

Lemma 6.16. If Cg 2 = N <\ G < Aut(A), then G = Cg{N). 

Proof. We may assume N = ([A]), A = diag(^32,^32; 1 )^ 32 )) 0 < a < 

31. Let [i 3 ] G G. Then we may assume BAB~^ = A". If a = 1 , then [S] G Cg{N). If 
a 1, then 32 > a > I and a is odd. As xa(^) = we have a = a = 17. But 

then A{F) = F implies F G {x2,X4), a contradiction. Therefore, a must be 1, and hence 
G = Cg{N). □ 


Lemma 6.17. [64,51] = Cg 2 x C 2 is not a subgroup of Aut{X). 


Proof. Just apply Lemma 6.16 


7) |G| = 128, by sub-test we need to exclude five groups: 
[128,159], [128,160]. 


□ 

[128,128], [128,129], [128,153], 


Lemma 6.18. Cg 2 x (74 = [128,128] is not isomorphic to a subgroup of Ant{X). 

Proof. Suppose C32 x C 4 = N < Aut(X). We may assume N = ([Ai],[A2]), Ai = 
diag(62,?^2‘^,C32> 1>?32)> ^2 = diag(l, 1,1,1,^4) and Ai(F) = A2(F) = F. We may as¬ 
sume 0 < a < 7. So a = 0,1, 2, 3,4, 5 or 6. 

If a = 0,1, 2, 3, 5, or 6, computing invariant monomials of Ai and A2 as before, we have 
F G (x2,a:4), a contradiction. If a = 4, then F G {xg) + (xi,X4)^, a contradiction. 
Therefore, Cg 2 x C 4 can not be a subgroup of Aut(X). 

□ 


Lemma 6.19. [128,129] = Cg 2 x C 4 is not isomorphic to a subgroup 0 /Aut(X). 
Proof. Just apply Lemma [6. 16 

Lemma 6.20. [128,153] = C 4 x Cg 2 is not isomorphic to a subgroup 0 /Aut(7L). 
Proof. Similar to [16,4] case. (The character table of [128,153] is on the website |Yuj l 


□ 


□ 


Lemma 6.21. Cq4 x C 2 — [128,159] is not isomorphic to a subgroup of Aut{X). 
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Proof. Suppose x C 2 = N < Aut(X). We may assume N = ([Ai],[A 2 ]), Ai = 
diag(^64,C6'/,C6i ^2 = diag(l, 1,1,1,-1) and Ai{F) = A 2 {F) = F. We may as¬ 

sume 0 < a < 31. If a 7 ^ 8,12,23 or 28, then F G (x 2 , X 4 ), a contradiction. If a = 8 ,12, 23 
or 28, then F G (xa) -|- (xi,X 4 )^, a contradiction. 

Therefore, 6*64 x C 2 can not be a subgroup of Aut(X). 

□ 


Lemma 6.22. If C64 = N < G < Aut(A), then G = Cg{N). 
Proof. Similar to Lemma |6.16 


Lemma 6.23. [128,160] = G^a x C 2 is not a subgroup 0 /Aut(A). 
Proof. Just apply Lemma [6.22 


□ 


□ 


Now, the following Theorem completes the proof of Theorem 6.1 


Theorem 6.24. If Aut{X) contains a subgroup of order 2 ^ withn > 7, then Aut{X) = C '128 
or C'256- 

Proof. Let G < Aut(A) and |G| = 2”, n > 7. 

Since G is a 2-group, G contains a subgroup, say N, of order 128. Then, N = C 128 , 
by the results for |G| = 128 explained above. Then we may assume N = ([A]), where 
A = diag(^i28, ^ 128 ) ^ 128 ) ^r 28 ^> 1) Then by computing (e.g. Mathematica) 

the invariant monomials of A, we find that, F = xfx 2 -|- X 2 X 3 -|- X 3 X 4 -|- X 4 X 5 -|- X 5 -|- AX 4 X 5 , 
for some A G C, up to change of coordinates. Then, applying the differential method in 
Section]^ we can compute Aut(A) = G256 if A = 0 (cf. Theorem 3.8) or Aut(A) = C128 if 
A 7 ^ 0 . □ 


□ 


7. Sylow 5-subgroups 


In this section, X is a smooth quintic threefold defined by F. 
In this section, we study Sylow 5-subgroups of Aut(A). 


Lemma 7.1. Suppose G^ = N < Aut(A7). Then: 

(i) N is generated by [Ai], and [A 2 ], A 1 A 2 = A 2 A 1 , and both Ai and A 2 have order 5 as 
elements in GL(5,C); or 

(a) up to change of coordinates, N is generated by [Ai] and [A 2 ], where Ai = diag(l, ^ 5 , ^ 5 , ^ 5 , ^ 5 ) 
and 


A2 


/o 1 0 0 o\ 
0 0 10 0 
0 0 0 1 0 
0 0 0 0 1 
\l 0 0 0 0/ 


Proof. See Lemma 4.14| and its proof. 


□ 


Lemma 7.2. Let G = Aut(A). If IG 5 I = 125 and G 5 is not abelian, then there exist 
Ai,A 2 , and A^ inGL( 5 ,C), snc/i f/iaf G = ([Ai], [A2], [A3]), A1A2 = A2A1, AiA3 = A3A1, 
and, for alii = 1,2,3, both Ai and [Aj] are of order 5 as elements in Gh(5 , C) and PGL( 5 ,C) 
respectively. 
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Proof. By Theorem | 4 . 9 [ each nontrivial element in G5 has order 5 . Then G5 contains 
a normal abelian subgroup N = C|. Since N n Z{G^) 7^ 0 , where Z{G^) is the cen¬ 
ter of the 5 -group G5, we may assume N = ([Ai],[^2])) and [Ai] G Z{Gf), and Ai = 
diag(l, Cs, ^ 5 > ^ 5 ) ? 5 )> 0 < a < 6 < c < 4 , and = Is and F is ^j-semi-invariant, i = 1 , 2 . 

Then by Lemma | 7 . 1 [ there are two possibilities: 

(i) ^2^1 = ^1^2; or 

(ii) ^2^1 7^ ^1^2) and we can assume Ai = diag(l,, ^ 5 ,^ 5 , and 


A2 


/o 1 0 0 o\ 
0 0 10 0 
0 0 0 1 0 
0 0 0 0 1 
\l 0 0 0 0/ 


We show that the case (ii) does not happen. Suppose that the case (ii) happens. Then 
we can choose A3 G GL( 5 ,C), such that, [A3] G G5 \ A^, and A3 = and F is A3-semi- 
invariant. We first show that A1A3 7^ A3A1 by argue by contradiction. If A1A3 = A3A1, 
then A3 must be diagonal, and A3 = diag(l, l,^f ,^5 ,^5 )■ Since <1 G5, it follows that 
[A3][A2][A3]“^ G ai, and 



/ 0 1 0 

0 

0 \ 



0 0 ^5-“' 

0 

0 


A3A2A3-1 = 

0 0 0 

co! — 

''' 0 

— G" 4 * 

— S 5 ^1^2 


0 0 0 

0 

th'-c! 

S 5 



0 

0 

0 

0 ) 


where 0 < a, i,j 

< 4 . Then j = 

1 and a = 0. 

Therefore, 



/ 0 1 0 

0 0 \ 


/O 1 

0 0 0 \ 


0 0 ^5-“' 

0 0 


0 0^0 0 


0 0 0 

0 

= 

0 0 

0 cf 0 


0 0 0 

0 cf 


0 0 

0 0 ef* 


Us 0 0 

0 0 ) 


Ul' 0 

0 0 0 / 


So, A 3 = diag(l, 1 , Then without loss of generality, we can assume 

A3 = diag(l, 1 ,^ 5 ,^ 1 ,^ 5 ). Recall that A2(F) = A2T,A3(F) = A3F, where A2,A3 are 
nonzero complex numbers. Then (A 2 A 3 A^^)(F) = A^{F). So diag(l,.^ 5 ,^ 5 ,^ 5 ,1)(T) = 
diag(l, 1 , ^5, ^5, ^5)(T). Then by smoothness of X, xf G F. So Ai(F) = A 2 {F) = F. Then 
G F only if 


A + *2 + *3 + *4 + ^5 = 5 ,13 + 3u + 15 = 0(mod 5), i 2 + 2^3 -|- 3u + dis = 0(mod 5), 

and zi, ...,Z5 > 0 . It follows that only xf, Xg, X4, x^, X1X2X3X4X5 can appear in F. How¬ 
ever, then IG5I > 625 as G5 then contains the Sylow 5 -subgroup of Gorenstein automor¬ 
phism groups of the Fermat quintic threefold (cf. Theorem 10 . 4 ), a contradiction. Hence 
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AsAi / ^1^43 in the case (ii) and we may assume A3A1 


.^5j4i^ 3. Then by Lemma 4.11 


A3 


/ 0 ai 0 0 0 \ 

0 0 02 0 0 

0 0 0 03 0 

0 0 0 0 04 

yos 0 0 0 0 y 


for some 04,02,03,04,05 with 0402030405 = 1 . Then diag(o4,02, 03, 04, 05) = ^3^42^. By 
replacing A3 by ^3^^^, we are reduced to the previous situation (i.e. ^3^44 = ^4^3. 
Therefore, the case (ii) is impossible. 

Hence A 2 A 1 = ^4^2. Since [H4] G Z{G^), if we choose A 3 G GL( 5 ,C) such that 
[H3] G G5 \ and A^ = then, by symmetry, we must also have ^4^3 = A3A1. So the 
lemma is proved. 

□ 


Lemma 7.3. Let G = Aut(X). If IG 5 I = 125 and G 3 is not abelian, then there ex¬ 
ist Ai,A2,A3 g GL( 5 , C) such that G = ([^.4], [H2], [H3]), J44H2 = A2Ai,AiA3 = A3A1, 
det(H 4 ) = 1 , and for all i = 1 , 2 , 3, both Ai and [Ai\ are of order 5 as elements of GL(5, C) 
and PGL(5, C) respectively. 


Proof. By Lemma 7.2 
and 


there exist Ai,A 2 ,A 3 G GL( 5 ,C) such that G 


([^i],[^2],[A3]) 


( 7 . 1 ) ^.4712 — ^2^4,744^.3 — A3Ai,A^ — l3,i — 1 , 2 , 3 . 

We show det(744) = 1. Since G5 is not abelian, the commutator subgroup [G5, G5] is not 
the trivial subgroup. Then [^5,^5] = Z{G3) = ([744]). So 742 743 74^^74^^ = ^574". Since G5 
is not abelian, so a 7^ O(mod 5 ). Then 

1 = det( 742743 742 ^743 ^) = det(^574“) = (det(744))". 

On the other hand, A^ = I5. Hence det(744) = 1 . □ 

Proposition 7.4. Let G = Aut(7T). //IG5I = 125 , then G3 is abelian. 

Proof. Assuming that G5 is not abelian, we shall get a contradiction. By Lemma | 7 . 3 [ there 
exist A4,A2, and A3 G GL( 5 ,C) such that G = ([A4], [A2], [A3]), A4A2 = A2A4,A4A3 = 
A3A4 and A? = I3, and det(A4) = 1 . Notice that A4 has two or more distinct eigenvalues. 

Gase ( 1 ) A4 has exactly two distinct eigenvalues. Then we may assume A4 = diag(l, 1 , 1 , ^5, ^5) 
or diag(l, 1 , 1 ,1,^5). But det(diag(l, 1 , 1 ,^5,^5)) / 1 , and det(diag(l, 1 , 1 , 1 ,^5)) ^ 1 . So 
this case is impossible. 

Gase ( 2 ) A4 has exactly three distinct eigenvalues. Then we may assume (i): A4 = 
diag(l, 1 , 1 , ^^5, i^f), for some 1 < o < 5 or (ii): A4 = diag(l, 1 , .^5, ^5, ^5), for some 1 < 6 < 5 . 

For Gase ( 2 )-(i), det(A4) = 1 implies a = 4 . Then A4A2 = A2A4 and A4A3 = A3A4 
imply A2 = diag(H2,^f,^|) and A3 = diag(H3,^^,^^), where 0 < p,q,m,n < 4 and 
B2, H3 G GL( 3 , C). As in the proof of Lemma | 7 . 3 [ we have 

( 7 . 2 ) A2A3 = ^5A"A3A2, for some i and a . 


By the equation ( 7 . 2 ) we have 
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(7.3) 


diag(S2i?3,er™,a^") = diag(S3i?2,C 


> 


By the equation (7.3), i = a = 0. However, then, by the equation (7.2), H 2 H 3 = H 3 H 2 , 


a contradiction. So the case ( 2 )-(i) is impossible. _ 

Case (2)-(ii) Bydet(Hi) = 1, 6 = 3. Then by the equalities (7.1), A 2 = diag(H 2 , ( 112 , ^ 5 ), H 3 = 
diag(H 3 ,(C 3 ,^^), where B 2 ,B^,C 2 ,Cz G GL(2,C), and B^ = B^ = = h- Since 

G 5 is not abelian, H 2 H 3 / H 3 H 2 . Therefore, either H 2 H 3 / H 3 H 2 or C 2 C^ 7 ^ C^C 2 - With¬ 
out loss of generality, we may assume B 2 B 3 ^ B 3 B 2 and B 2 = diag(l,.^ 5 ). Then by the 
equation (7.2), we have 


diag(H2H3,C2G3,er™) = diag(^^H3H2,er“G3(T2,^i 


i+OL/ 


^p+m+2+3Q:\ 


(7.4) 

By the equality (7.4), B 2 B 3 = QB 3 B 2 , in particular, det(i? 2 i? 3 ) = det(^ 5 H 3 H 2 ). However, 
then ,^1* = 1 and i = 0, a contradiction to H 2 H 3 / H 3 H 2 . Therefore, Case (2)-(ii) is 
impossible. 

Case (3) Ai has exactly four distinct eigenvalues. Then we may assume Ai = diag(l, 1, .^ 5 , ^ 5 , ^ 5 ), 
2 < a < 6 < 4. But then det(Hi) can not be 1. Hence Case (3) is impossible. 

Case (4) Ai has exactly five distinct eigenvalues. Then we may assume Ai = diag(l, ^ 5 , ^ 5 , ^ 5 , ^ 5 ). 
Then by the equalities (7.1), A 2 and H 3 are both diagonal matrices, and hence G 5 is abelian. 


a contradiction. Therefore, Case (4) is impossible. 

So, G 5 has to be abelian if IG 5 I = 125. 

□ 

Lemma 7.5. Suppose = N < Aut(X). Then there exist Ai,A 2 ,A 3 G GL(5,C) such 
that N = ([Hi], [H 2 ], [A^]),AiAj = AjAi, and A^ = I 5 , where i,j = 1,2,3. 

□ 


Proof. Similar to the proof of Lemma 7.2 (and actually easier). 

Theorem 7.6. If is isomorphic to a subgroup of Aiit{X), then, up to linear change of 
coordinates, X is defined by one of the following equations: 

(i) Xi + X 2 + x^ + x\ + = 0; 

(a) x\ + X 2 + x\ + x\ + x\ + 0 x 1 x 2 x 3 x 40:5 = 0 , o / 0 ; 

(Hi) Xi -b X 2 + X 3 -|- X 4 -|- X 5 -b 0 X 1 X 2 X 3 X 5 = 0 , o / 0 ; 

(iv) Xi -b X 2 + X 3 -b X 4 -b X 5 -b 0 X 1 X 2 X 5 -b bx\x 2 x\ = 0 , either a or b is not equal to zero; 

xf -b X 2 + X 3 -b G(x 4 , X 5 ) = 0, where G can not be written as X 4 -b X 5 under any change 

of coordinates. 


Proof. Suppose G^ = N < Aut(X). By Lemma 7.5 there exist Hi, H 2 , H 3 G GL(5, C) such 
that N = ([Hi], [H 2 ], [H 3 ]),HiHj = AjAi, and H? = Is, where i,j = 1,2,3. Clearly, we may 
assume Hi = diag(l, 6,1,1, ^^), H 2 = diag(l, 1, ^ 5 ,1, ^3 = diag(l, 1,1, ^ 5 , where 

0 < a, 5, c < 4. 

Case (1) o, h, c are all equal to zero. In this case, Hi = diag(l, ^ 5 ,1,1,1), H 2 = diag(l, 1, ^ 5 ,1,1), 
H 3 = diag(l, 1,1, ^ 5 ,1). Then Hj(T) = F,i = 1,2,3. By computing invariant monomials, 

F = 01X2 + 02X3 -b 03X4 -b G(xi, X5). Then by suitable changing of coordinates, the defining 


equation of X belongs to the case (i) or (v) in Theorem 7.6 


Case(2) exactly one of a, b, c is not equal to zero. We may assume o / 0, 6 = 0, c = 
0. Then H 2 = diag(l, 1,^ 5 ,1,1), H 3 = diag(l, 1,1,^ 5 ,1), and Hi = diag(l,^ 5 ,1,1,^ 5 ), 
diag(l,^5,1,diag(l,^ 5 , 1 ,1,^1), or diag(l,^ 5 ,1,1,^|). 
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If Ai = diag(l,,^ 5 ,1,1,6), then replacing Ai by i^AfA^Ai^, we are rednced to case ( 1 ). 

If Ai = diag(l, 6 ) 1) Ij^i)) then A\ = diag(l,^|, 1,1,6); then by symmetry (i.e. inter¬ 
changing coordinates X 2 and X 5 ), we are reduced to the case Ai = diag(l, 6 ^ 1 ) 1 ) ?i)- If 
Ai = diag(l, 6 , 1 , 1 ,?|), then = diag( 6 , 1 , 1 , 1 ), again by symmetry we 

are reduced to case Ai = diag(l, 6 ; 1 ) Ij ^i)- 

Therefore, in the case (2), we may assume Ai = diag(l, 6 ) 1; Ij ^ 5 )) ^2 = diag(l, 1, 6 ) 1) 1)5 
T 3 = diag(l, 1,1, 6 ; !)• Then, Ai{F) = A 2 {F) = ^ 3 (F) = F. By computing invariant 
monomials of Ai, i = 1,2, 3, we may assume F = x\ + x\ + x% + + Xixix^x^ -|- 

X 2 x‘\x 2 x\ = 0. So, F belongs to case (i) or (iv) of Theorem 

Case (3) exactly two of a, b, c are not equal to zero. We may assume a 6 / 0, c = 0. By 
symmetry, we may assume 0 < a < 5 < 4. So {a,b) = (1,1), (1, 2), (1, 3), (1,4), (2, 2), (2, 3), 
(2,4), (3,3), (3,4), or (4,4). 

Case (3)-(i) (a, 6 ) = (1,1), (1, 2), (1, 3), or (1,4). By computing invariant monomials, up 
to changing of coordinates, F = x\ + X 2 +x\ + x\ + x^, belonging to the case (i) of Theorem 


7.6 


17:61 

Case (3)-(ii) (a, 6 ) = (2,2). Then, up to changing of coordinates, F belongs to the case 
(hi) of Theorem 7.6 


Case (3)-(iii) (a, 6 ) = (2,3). Up to changing of coordinates, F belongs to the case (i) of 
Theorem 17.61 

Case (3)-(iv) (a, 6 ) = (2,4), or (3,3). Up to changing of coordinates, F belongs to the 
case (i) or (iv) of Theorem 7.6 

Case (3)-(v) {a,h) = (3,4), or (4,4). Up to changing of coordinates, F belongs to case 


(i) or (hi) of Theorem 7.6 

Case (4) abc 0 . Again, Ai{F) = A2{F) = A'i{F) = F. Suppose a monomial m = 
G F. Then ii -|-i2 + *3 + U + ^5 = 5 , i2 + ai^ = i^ + bi^ = i^ + ci^ = 0 (mod 5 ). 
If is = 0 (mod 5 ), then ii = i2 = *3 = 74 = 0 (mod 5 ). So, M = xf,X2,X3,X4 or X5. If 
0 < is < 5 , then 0 < i2,i3,i4 < 5 , and M = X2X3X4XsXj for some 1 < j < 5 . Furthermore, 
if X2X3X4XsXj^ G F and X2X3X4X5XJ2 G F then ji = j2. To sum up, in the case of abc / 0 , 
up to changing of coordinates, F = xf -|- x^ + X3 -|- X4 -|- X5 -|- Xx2X‘j,XiX^Xj for some j. Hence 
F belongs to case (i), (ii) or (hi) of Theorem 7.6 

This completes the proof. □ 


Next we prove the following theorem: 


Theorem 7.7. Suppose |Aut(A)s| > 125. Then, Aut(A) is isomorphic to a subgroup of 


one of the three groups in Examples (1), (2), (5) in Example 2.1 


Proof. If |Aut(A)s| = 5^, then by Proposition 7.4 Aut(A )5 is abelian. If |Aut(A)s| > 625, 
then by a theorem of Burnside (Theorem|7.9|below) , Aut(A )5 has a maximal normal abelian 


subgroup of order > 125. So, we may consider the 5 cases in Theorem 7.6 
Case (i) A : xf -|- x^ + X 3 -|- xf -|- X 5 = 0. Then Aut(A) = S 5 . 

Case (ii) X : xf-t-x^+X3-I-X4-I-X5-|-axiX2X3X4Xs = 0, a / 0. Then using the differential 
method introduced in Section]^ we can show that Ant (A) is generated by semi-permutation 
matrices. So {xf -|- x^ + X3 -|- X4 -|- xf = 0} is preserved by Ant (A). Hence Ant (A) is a 
subgroup of the group Cl xi ^ 5 . 
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Case (iii) X : xf + + X 3 + X 4 + X 5 + axiX 2 X 3 x| = 0, a / 0. Then Aut(X) is a subgroup 

of C*! XI 55 . The proof is the same as in the case (ii). 

Let us consider the cases (iv), (v). In these cases, the differential method reduces to 
problem of automorphisms of plane curves and points. First consider the case (iv). 

Case (iv) X : xf+ X 2 + X 3 + X 4 + X 5 + axiX 2 X 3 + 6 xfx 2 x| = 0, where either a or 6 not equal 
to zero. By the differential method, we can show that if A G GL(5, C) and A(F) = XF, 
then A = diag(i?, a, /3), where B G GL(3, C) and B{G) = XG,G = xf + X 2 + X 3 Faxix^xs + 
6 x 4 X 2 x|. Notice that we have the following exact sequence: 


1 ^ C| ^ Aut(X) ^ Aut(C) ^ 1, 

where ip{a,b) = [diag(l, 1, l,^g, ^|)], ip {[diag{B, a,/3)]) = [B] G Aut(C'). 

We can compute Aut(C') using [Hal 31 Theorem 2.1]. First, notice that Diq is a subgroup 
of Aut(C), which is generated by [diag(l, ^ 5 , ^|)] and interchanging xi and X3. Notice the 
following Lemma: 


Lemma 7.8. Suppose G is a smooth plane curve of degree 5, then Cl can not be a subgroup 
of Aut(C'). 

Proof. Similar to Section(and in fact much easier). We leave details to the readers. □ 


So, Aut(C') doesn’t belong to case (a-i), (b-ii), or (c) of [Hal 31 Theorem 2.1]. If Aut(C') 
belongs to the case (a-ii) or (b-i) of |Hal3( Theorem 2.1], then Aut(C') = Diq. There¬ 
fore, Aut(A) is an extension of Dio by G^. Actually, Aut(A) = ( 71 x 1 C 2 , generated by 
[diag(l,l,l,^ 5 ,l)],[diag(l,l,l,l,^ 5 )],[diag(l,^ 5 ,^|,l,l)] and the involution xi GG X3. In 
particular, Aut(A) is isomorphic to a subgroup of the group (7| x ^ 5 . 

Finally, we treat the case (v). In this case A : xf -|- x^ -|- X3 -|- ( 7 (x 4 , X5) = 0, where G can 
not be written as X 4 -|- Xg under any change of coordinates. Again, applying the differential 
method, we can easily show that if A G GL(5, C) and A{F) = F, then A = diag(a, /5, 7 , B), 


where B G GL(2,C) and B{G) = G. Then applying Lemma 7.10 below, one finally finds 


that Aut(A) is isomorphic to either (G^ x S3) x Dq, (G^ x S3) x G4, (C^ x S3) x C2, 
or (7| X S3. Here the factor (7| x S3 generated by [diag(^ 5 , 1 , 1 , 1 ,1)], [diag(l,^ 5 ,1,1,1)], 
[diag(l, 1 , ^ 5 , 1 , 1 )] and permutations of the first three variables xi, X 2 , X 3 and the last factor 
Do, G4, G2 is the corresponding automorphism groups in Lemma 7.10 Hence Aut(A) is 


isomorphic to a subgroup of Examples (1),(2),(5) in Example 2.1 
This complete the proof. 


□ 


Theorem 7.9. (See, for example, |Su821 Ghapter 2, Gorollary 2 to Theorem 1.17]J Let A 
be an abelian normal subgroup of maximal order of a p-group G. If jG] = p” and j A] = 
we have 2 n < a{a + 1 ). 


Lemma 7.10. Let H = H{xi,X 2 ) be a degree five homogeneous polynomial. Suppose 
{H = 0} is a set of five distinct points in Let G C PGL(2,C) be the group which 
is generated by matrices leaving H invariant. Then, as an abstract group, G has five 
possibilities: 

1) G = G 3 X G 2 , an example of H: xf -|- x^; 

2) G = S 3 , an example of H: xfx 2 + xjxi; 

3) G = G 4 , an example of H: xfx 2 + x^; 
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G = C 2 , an example of H: xfx 2 + + xfxs; 

5) G trivial group, an example of H: xf + + xfx 2 - 

Proof. First, it is easy to show that all possible non-trivial Sylow subgroups of G are: G 2 , 
6 * 4 , G 3 , G 5 . And then it is easy to show G has exactly five possibilities. Note that for a 
given “nice” (for example, those in the theorem) H, it is possible to directly compute (e.g. 
using Mathematica) all possible matrices which leave H invariant. 

The detailed proof is by direct computation, so we skip it. □ 


8. The cases where |G| divides 


In this section, X is a smooth quintic threefold defined by F. 


8.1. Solvable groups with order smaller than 2000. In the proof of Theorem 8.3 
use the following two results known in the group theory: 


we 


Theorem 8.1. (See, for example, |Su 86 l Chapter 4, Theorem 5.6]j Let G be a solvable 
group. We can write 

|G| = mn {m,n) = 1. 

Then, the following propositions hold. 

(i) There are subgroups of order m. 

(a) Any two subgroups of order m are conjugate. 

(in) Any subgroup whose order divides m is contained in a subgroup of order m. 

Theorem 8.2. (Burnside normal p-complement Theorem, see [BullL Theorem II, Section 
243] j If a Sylow p-subgroup of a finite group G is in the center of its normalizer then G has 
a normal p-complement. (Here, a normal p-complement of a finite group for a prime p is 
a normal subgroup of order coprime to p and index a power of p. In other words the group 
is a semidirect product of the normal p-complement and any Sylow p-subgroup.) 

Theorem 8.3. Let G be a finite solvable group such that |G| divides 2®3^5^ and |G| < 2000. 
Suppose G < Aut(A) and G 2 7 ^ 1- Then G is F-liftable. 


Proof. By Theorem |4.8t G is F-liftable if G 5 is trivial. 

From now on, we may suppose that G 5 not trivial and hence G 5 = G 5 or C|. Then 
|G| = 2 “ 23 “ 35 a 5 ^ 7 > 02 > 0 and 05 = I or 2. Since G is solvable, by Theorem 8.1, G has a 
subgroup of order 2“2 5 “ 5 ^ ga,y H. 

If H has a subgroup of order 2 • 5“®, G is T-liftable by Lemma 4.15 and Theorem 4.8 
If H has no subgroup of order 2 • 5“®, then \H\ = 2^5“® and the no rma lizer of inside 
H is H 5 itself by Sylow Theorems and |77||2®5^. Then by Theorem 8.2, H 2 is normal in 


H. However, by classification of subgroups of Aut(A") of order 16 (see Section]^, we have 
the order of automorphism group (which can be quickly computed by GAP) of H 2 is not 
divided by 5. Then H = H 2 X H 5 , contradicting to the assumption that H has no subgroups 
of order 2 • 5“®. 

Therefore, H always has a subgroup of order 2 • 5“®, and we are done. 

□ 


Let G be a finite solvable group such that |G| divides 2®3^5^ and |G| < 2000. Using 
GAP, one finds all possible groups G (up to isomorphism) which also satisfy the condition: 
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G is isomorphic to a subgroup of the 22 groups in the Examples (l)-(22) in Example |2.1[ In 
fact, there are 184 such groups (including the trivial group). (Their GAP IDs and structure 
descriptions can be find on the website |Yuj .l 


Theorem 8.4. Let G be a finite solvable group such that |G| divides 2®3^5^ and |G| < 2000. 
Suppose G < Aut(X). Then G is isomorphic to a subgroup of the 22 groups in the Examples 
(l)-(22) in Example 2.1, 


Remark 8.5. In order to prove Theorem 8.4 
except those 184 groups mentioned above. 


we need to exclude all the other groups 
Like in Section 1^ we exclude groups in two 


steps: sub-test and case by case consideration. (See Remark |6.2[ ) 

It turns out that we need to exclude 67 groups (not including p-groups since we already 
treated them in previous sections.) in the second step (case by case consideration). Again, 
their GAP IDs and structure descriptions can be found on the website |Yu] . 

Although our main strategy is essentially the same as in Section we need more tricks to 
exclude those 67 groups. Roughly speaking, besides the smoothness of X and E-liftability 
of G, we combine the following six tricks in various ways: 

a) small order elements or subgroups consideration; 

b) character table observation; 

c) large abelian subgroup consideration; 

d) invariant quintic consideration; 

e) group structure consideration; 

f) no five dimensional faithful representation. 


In the proof of Theorem 8.4 we will only select some typical examples (more precisely, 9 
of them) among those 67 groups and show how to use the above six tricks to exclude them 
in details. However, all the other groups can be excluded in similar ways and more details 
can be found on the website 1^. 


Let us prove Theorem 8.4 In the proof, we often denote groups by their GAP IDs. 


Proof. As mentioned in Remark 8.5 above, we exclude groups inductively and it turns out 
that we are reduced to exclude 67 groups. We will show in details how to exclude the 
following 9 groups among these 67 groups: [12,5], [24,11], [40,3], [40,7], [48,5], [72,39], 
[150,9], [400,50], and [480,257]. 


Lemma 8 . 6 . Let G < Aut(Y). Suppose G = C 2 x C 3 . Let G be an F-lifting of G. Then, 
up to change of coordinates, G is generated by either 

(i) diag(^ 3 ,^|, 1 , 1 , 1 ) and diag(l, 1 ,- 1 , 1 , 1 ); 

(ii) diag( 6 ,^|,^ 3 ,^|, 1 ) and diag(l, 1 ,- 1 ,- 1 , 1 ); or 
(Hi) diag(C 3 ,^|, 6 ,^ 3 > 1) and diag(l, 1 ,- 1 , 1 , 1 ). 

In particular, if A{F) = F and ord([A]) = ord(A) = 6, then tr(A) = 0,1, — ^3 or 

-^1 + 6 


Proof. As before, the essential idea is to use E-liftablility of G, smoothness of X (Proposi¬ 
tion 3.4) and Mathematica. 
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Since G is an F-lifting of G, we may assume G = [^ 2 ])) where Ai, A2 are diagonal 

matrices and ord(Ai) = 3,ord(^2) = 2. Then by Lemma 5.4, we may assume Ai = 

diag(6,C3> 1,1) or diag(6, !)• 

Case 1) Ai = diag(^3, 1,1, !)• 

Then by Ai(F) = F and the smoothness of F, both xfx 2 and x^xi are in F. Then by 
A 2 {F) = F we have A 2 = diag(l, 1, ±1, ±1, ±1). Then we may assume A 2 = diag(l, 1, —1,1, ±1) 
and x|x 4 G F. If A 2 = diag(l, 1, —1,1, —1) then ^ i(F ) = A 2 {F) = F implies F G 


So A 2 = diag(l, 1, -1,1,1). 


(X 4 ) + (xi,X 2 )^. This is a contradiction by Proposition 3.4 

Case 2 ) Ai = diag(^ 3 , ^ 3 , 1) and A 2 has —1 as eigenvalue of multiplicity 2 . 

By ^i(F) = F and the smoothness of X we have xf G F. So A 2 = diag(±l, ±1, ±1, ±1,1). 
By ^i(F) = F we may assume xfx2 G F. Then A 2 = diag(±l, 1, ±1, ±1,1). Then either 
x|xi or X 2 X 3 G F. 

If x|xi G F then A 2 = diag(l, 1,-1,-1,1). So Ai = diag(^ 3 ,^ 3 , 1) and A 2 = 


diag(l, 1, —I, —1,1), which is the same as in case ii) of the Lemma 8.6 

If x|x 3 G F then A 2 = diag(— 1,1,1, — 1,1). Interchanging coordinates xi and X 3 , we 
also get case ii) of the Lemma | 8 . 6 | 

Case 3): Suppose Ai = diag(^ 3 , ^ 3 ,I) and ^42 has —1 as eigenvalue of multiplicity 
1. Clearly, interchanging coordinates if necessary we may assume Ai = diag(.^ 3 , .^ 3 , 1) 


and A 2 = diag(l, 1, —1,1,1), which is case hi) of the Lemma 8.6 


□ 


Lemma 8.7. The group [12,5] = G 2 x G 3 is not a subgroup of Aut{X). 


Proof. We mainly use tricks a) and d) in Remark 8.5 


Assume to t he c ontrary that G < Aut(X) and G = Cf x 6 * 3 . 

By Theorem 4.8, G has an F-lifting, say G. We may assume G = (Ai, A 2 , A 3 ), ord(Ai) = 


3, ord(A 2 ) = ord(A 3 ) = 2, and Aj are diagonal matrices for all i. 

By Lemma | 8 . 6 [ we may consider three cases. 

Case i) Ai = diag(^ 3 , ^|, 1 , 1 , 1 ) and A 2 = diag(l,l, - 1 , 1 , 1 ). 

Then x|x 2 ,X 2 Xi G F. We may assume X 3 X 4 G F. Then A 3 = diag(l, 1,±1,1,±1). Re¬ 
placing A 3 by A 2 A 3 if necessary, we may assume A 3 = diag(l, 1,1,1, —1). Then Ai(F) = 
A 2 (F) = A 3 (F) = F implies that F G (X 4 ) -|- (xi, X 2 )^, which is a contradiction by Propo¬ 
sition 13.41 

Case ii) Ai = diag( 6 , ^ 3 ^ ^3, ^ 3 > 1) and A 2 = diag(l, 1,-1, -1,1). 

Then X 3 X 2 , x|xi, x|x 2 , x|xi and x| G F. Clearly A 3 = diag(l, 1, ±1, ±1,1) and hence we 
may assume A 3 = diag(l, 1,1, -1,1). Then Ai = diag(^ 3 , .^ 3 , 1), A 2 = diag(l, 1, -1, -1,1) 

and A 3 = diag(l, 1,1, —1,1). Then Aj(F) = F,z = 1,2,3 implies F G (xi) -|- (x 3 ,X 5 )^, a 
contradiction. 

Case hi) Ai = diag(^ 3 , 1) and A 2 = diag(l,l,-l, 1,1). 

Then X 2 Xi,X 4 Xi and X 5 G F. Then we may assume A 3 = diag(l, ±1,1, ±1,1). Since 
either x|x 2 or x|x 4 G F, we may assume X 4 X 2 G F and A 3 = diag(l, 1,1, —1,1). Then Ai = 
diag(^ 3 ,^i, 6 ,?i, 1), ^2 = diag(l, 1,-1,1,1) and A 3 = diag(l, 1,1,-1,1). By Ai(F) = 
^ 2 (F) = A 3 (F) = F, as in case ii), we get F G (xi) -|- (x 3 ,X 5 )^, a contradiction. □ 


Lemma 8.8. Suppose C 3 x G 4 = G < Aut(A). Let G be an F-lifting of G. Then, up to 
change of coordinates, we may assume G is generated by either one of (i)-(v) below: 
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i) diag(^3, 1,1,1), diag(l, 1, ^ 4 ,1,1); 
a) diag( 6 , 1 , 1 , 1 ), diag(l, 1 , ^ 4 , - 1 , 1 ); 
in) diag(C3,^|,^3,^|, 1 ), diag(l, 1 , ^ 4 ,1,1); 

iv) diag(C3,C|,^3,C|, l),diag(l,l,^4,Ci 1); 

v) diag(^3,C|,^3,^|, l),diag(l,l,^4,C4, !)• 

Proof. Similar to the proof of Lemma |8.6[ 

Lemma 8.9. The group [24,11] = C 3 x Qg is not a subgroup of Aut{X). 


□ 


Proof. We mainly use tricks a), b) d), e) in Remark 8.5 


Assume to the contrary that G < Aut(X) and G = CgX Qg. Let G be an F-lifting of G. 
Then G can be naturally viewed as a five dimensional faithful representation of Gg x Qg. 

Every matrix in G with order 4 must have both ^4 and ^4 as eigenvalues by representation 
theory of Qg. 

_ Let Ai and A 2 be diag(^ 3 ,^ 3 ,^ 3 ,^ 3 ,1) and diag(l, 1,^ 4 ,^ 4 ,1) respectively. By Lemma 

8 . 8 , we may assume (^ 4 ,^ 2 ) is contained in G. Therefore, the five dimensional faithful 
representation of Qg induced by G is of type 2 © 1 © 1 © 1 . 

Then all other matrices in G with order 4 must of form diag(l 2 ;.B, 1), where I 2 is the 
2x2 identity matrix and B G GL(2, C). 

On the other hand, Ag commutes with diag(/ 2 , B, 1), hence R is a diagonal matrix. Then 
we have a contradiction since Qg is not an abelian group. □ 

Lemma 8.10. Let G < Aut(A). Suppose G = G 2 x C 5 . Let G be an F-lifting of G. Then, 
up to change of coordinates, G is generated by either 

(i) C 5 • diag(l, l,^ 5 ,^f,^^) on(idiag(-l,l,l,l,l) for some i, a,b; or 
(a) • diag(l, and diag(-l, 1 ,- 1 , 1 , 1 ) for some i, a, b. 

Proof. Similar to the proof of Lemma | 8 . 6 [ □ 

Lemma 8.11. [40,3] = Cg x Gg is not a subgroup of Aut{X). 

Proof. We mainly use tricks a) and b) in Remark |8.5[ 

Assume to the contrary. Then there exists a hve dimensional faithful representation, say 
p, of [40, 3] such that p leaves F invariant. 

By character table of [40, 3] (see Figure]^, p must be of type 4© 1. The four dimensional 
irreducible component of p must be X.IO. Then by Lemma 8.10 [40,3] is excluded. 

□ 


Lemma 8.12. Let G < Aut(A). Suppose G = G 2 x C 2 x G 5 . Let G be an F-lifting of G. 
Then, up to change of coordinates, G is generated by either 

(i) • diag(l, l,^ 5 ,^ 5 ,^f), diag(-l, 1 , 1 , 1 , 1 ) and diag(l, 1 ,- 1 , 1 , 1 ) for some i, a; 

(a) ^5 • diag(l, 1 , ^ 5 , 1 , 1 ), diag(— 1 , 1 , 1 , 1 , 1 ) and diag(l, 1 , 1 , — 1 , 1 ) for some i; or 
(Hi) ^5 • diag(l, 1 , 1 , 1 , ^ 5 ), diag(— 1 , 1 , — 1 , 1 , 1 ) and diag(l, 1 , — 1 , — 1 , 1 ) for some i. 

Proof. Similar to the proof of Lemma | 8 . 6 [ □ 

Lemma 8.13. Let Fd < G < Aut(X) and K <\ G. Suppose H = G 2 x C 2 and K = Gg (so 
that HnK = 1, and H x K can be viewed as a subgroup of G). Then Gg{H) = Cg{H x K). 
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Proof. Let H and K be F-liftings of H and K respectively. Then, we have three cases, 


according to the 3 cases (i)-(iii) in Lemma 8.12 


Case \) H = {Ai := diag(—1,1,1,1,1), A 2 := diag(l, 1, —1,1,1)) and K = (^3 := 
•diag(l,l,C 5 ,^ 5 ,^f)). 

Let [B] G Cg{H). It follows that BAi = AiB, and BA 2 = A 2 B. Then the matrix B 
must be of “special” form. Since K is normal in G, we have BA‘iB~^ = ^ 5 ^ 3 - Then by a 
direct computation, we must have j = 0, fc = 1. So [B] G Cg{H x K). 

The remaining two cases (ii) and (iii) are similar. □ 

Lemma 8.14. [40,7] = C 2 x {C 5 x C 4 ) is not a subgroup of Aut{X). 


Proof. We mainly use tricks a), b), and e) in Remark 8.5 


Assume to the contrary, [40,7] = G < Aut(A). G is an T-lifting of G and p is the 
corresponding 5 dimensional representation of [40, 7]. 

Notice that [40, 7] has a subgroup H = C 2 x C 2 x such that H contains elements 
belongs to conjugacy classes 2a, 26, 2c, 5a in the character table of [40, 7] (see Figure]^. 

By Lemma 8.12, we may assume that H is generated by diag(—1,1,1,1,1), diag(l, 1, —1,1,1) 
and diag(^|,^|7lf>?5, !)■ 

Then p must be of type 2 © 2 © 1. Notice that by values of 4a the one dimensional 
representation can not be X.3. Therefore p is of the form 2 © 2 © X.\. Then by the 
character table of [40, 7], 2a, 26, 2c all have —1 as eigenvalue of multiplicity two. 

But H has exactly one matrix which is of order 2 and has — 1 as eigenvalue of multiplicity 
two, a contradiction. □ 

Lemma 8.15. Suppose G 3 x G 4 = G < Aut(X). Let G be an F-lifting of G. Then, up to 
change of coordinates, we may assume G is generated by either one of: 

i) diag(^ 3 , Cl, 1,1,1), diag(l, 1, ^4,1,1)• 

ii) diag(C3, C|, 1,1,1), diag(l, 1, C 4 , -1, !)• 

iii) diag(C 3 ,C 3 > 6 ,^ 3 > 1 )> diag(l, 1 , ^4, 1 , !)• 

iv) diag(C3,C3>6,C3) l)>diag(l,l,C4,Ci !)• 

v) diag(C3,C3>6,?3) l),diag(l,l,C4,C4, !)• 

Proof. Similar to the proof of Lemma |8.6[ □ 

Lemma 8.16. Suppose G 3 x Gg = G < Aut(X). Let G be an F-lifting of G. Then, up to 
change of coordinates, we may assume G is generated by diag(C 3 , C 3 ,1,1,1), diag(l, 1, Cs, !)• 

Proof. Use Lemma 8.15[ □ 

Lemma 8.17. [48,5] = (724 x G 2 is not a subgroup of Aiit{X). 

Proof. We mainly use tricks a) and e) in Remark |8.5[ 


Assume to the contrary, [48,5] = G < Aut(A). Let G be an F-lifting of G. By the 
structure of [48,5], we see that G = {G 3 x Gg) x G 2 and Sylow 2 -subgroup of G is not 
abelian. 

Let 77 = (73 X (78 be a normal subgroup of G. Then by Lemma 
is generated by diag(C 3 ,C 3 : — diag(l, 1 , Cs, Cs"^, !)• 


8.16 


we may assume H 
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Let B G GL(5,C). Then, a = 1 if BAB ^ by eigenvalue considerations. However, 


then G must have an abelian Sylow 2-subgroup, a contradiction. 
Lemma 8.18. [72,39] = Cg is not a subgroup of Aut{X). 


□ 


Proof. We mainly use tricks b) and f) in Remark 8.5 


If otherwise, then [72, 39] must have a 5 dimensional faithful representation, say p. How¬ 
ever, by the character table of [72, 39] (see Figure]^, p can not exist, a contradiction. 

□ 

Lemma 8.19. Let G < Aut(X). Suppose G = G^ x G^ x G^. Let G be an F-lifting of G. 
(Existence of G can he proved similarly as before.) Then, up to change of coordinates, G is 
generated by 

(i) ■ diag(l, 1,^5, •diag(l, 1 , 1 ,^ 5 ,? 5 ) diag(^ 3 ,^|, 1 , 1 , 1 ) for some i,j,a,b; 


or 


(a) C 5 ■ diag(l, 1 ,^ 5 , ^ 5 , 1 ), ^ 5 ^ • diag(l, 1 , 1 , 1 ,^ 5 ) and diag( 6 , ^ 3 , 1 ) for some i,j. 

In the case (ii), X is isomorphic to Example (I 4 ) in Example\2.1\ 


Proof. Similar to the proof of Lemma [ 8 . 6 [ For the last statement, we use Mathematica to 
compute invariant monomials. □ 

Lemma 8.20. [150,9] = G 3 x ((Cs x C 5 ) x G 2 ) is not a subgroup o/Aut(A). 


Proof. We mainly use tricks a), d), and e) in Remark 8.5 


By GAP, [150,9] isomorphic to G 3 x ((C 5 x G 5 ) x G 2 ) and G 2 x G^ is not a subgroup of 
[150,9]. _ 


It suffices to consider two cases: (i), (ii) in the Lemma 8.19 


Gase (i) C' 3 xC 5 xC '5 generated by A 1 :=^^-diag(l, 1, ^ 5 ,1, A 2 •diag(l, 1,1, ^ 5 , 
and A 3 :=diag(^ 3 ,^|, 1 , 1 , 1 ) for some i,j,a,b. 

By the structure of [150,9] there exists [B] G [150,9] such that A 3 i? = BA^,BAiB~^ = 
Af^ and BA 2 B~^ = Af^. It is easy to check such B can not exist, a contradiction. 

Gase (ii) [150,9] is not a subgroup of Aut(A) if X is isomorphic to Example (14) in 
Example 1 2. 1[ a contradiction. □ 

Lemma 8.21. Suppose C 5 x G 5 x Cs — G < Aut(A). Then Aut(A) is isomorphic to a 
subgroup of the group in Example 4 in Example \2.1\ 


Proof. By a similar argument as before, we may assume G is generated by ^ 5 -diag(l, 1,1, ^ 5 ,1), 
^ 5 ^ • diag(l, 1, 1 , 1,^5) and diag(^ 8 , 1 , 1 , 1 ) for some i,j. 

Then using Mathematica we can compute the invariant monomials of G and obtain 
F = xfx 2 + ^ 2 X 3 + x\ + x\ + x\ + AX 2 X 3 . Now, we may apply the differential method in 
Section]^ to get the result. □ 

Lemma 8.22. [400,50] = C| x Giq is not a subgroup o/Aut(A). 


Proof. We mainly use tricks c), and e) in Remark 8.5 


By GAP, [400,50] contains a subgroup isomorphic to G^ x G^ x G%. Then the result 
follows from Lemma 18.211 

□ 








AUTOMORPHISM GROUPS OF SMOOTH QUINTIC THREEFOLDS 47 


gap> Display (Character-Table (SmallGroup (72,39) ) ) ; 
CTl 



2 

3 

3 

3 

3 

- 

3 

3 

3 

3 


3 

2 

- 

• 

- 

2 

- 

• 

• 

• 



la 

8a 

4a 

2a 

3a 

8b 

8c 

4b 

8d 


2P 

la 

4a 

2a 

la 

3a 

4b 

4a 

2a 

4b 


3P 

la 

8b 

4b 

2a 

la 

8a 

8d 

4a 

8c 


5P 

la 

8c 

4a 

2a 

3a 

8d 

8a 

4b 

8b 


7P 

la 

8d 

4b 

2a 

3a 

8c 

8b 

4a 

8a 

X . 1 


1 

1 

1 

1 

1 

1 

1 

1 

1 

X . 2 


1 

-1 

1 

1 

1 

-1 

-1 

1 

-1 

X . 3 


1 

A 

-1 

1 

1 

-A 

A 

-1 

-A 

X . 4 


1 

-A 

-1 

1 

1 

A 

-A 

-1 

A 

X . 5 


1 

B 

-A 

-1 

1 

-/B 

-B 

A 

/B 

X . 6 


1 

-/B 

A 

-1 

1 

B 

/B 

-A 

-B 

X . 7 


1 

/B 

A 

-1 

1 

-B 

-/B 

-A 

B 

X . 8 


1 

-B 

-A 

-1 

1 

/B 

B 

A 

-/B 

X . 9 


8 

- 

- 

- 

-1 

- 

- 

• 


A = 

-E (4) 









= 

-Sqrt( 

-1) 

= - 

-i 






B = 

-E (8) 










Figure 5. Character table of [72,39] 



48 


KEIJI OGUISO AND XUN YU 


Lemma 8.23. Let A G GL(5,C). Suppose [^] G Aut(X) and both A and [A] have order 
8 (as elements in GL(5,C) and PGL(5,C) respectively). Then, up to change of eoordi- 
nates and up to odd power of A, A is one of the followings: (i) diag(^8! 1; 1)? (’I'l) 

diag(C8,-1,1,1,^1), (in) diag(^8,-1,1,1, (^'^) diagfe,-1,1,1,-1), (v) diag(^8,-l, 

I,!,?!); ("^^*jdiag(^8,-1,1,1,^1)^ ("?^**y* diag(^8,-1,1,1, diag(^8,-1,1, ?!, ('^^) 

diag(^8,-l,l,^i,C|), ("a;y)diag(^8,-l,l,?i,^8); diag(C8,-1,1, ?!, Cj); diag(^8,-1,1, 
^ 8 ,^ 8 )- 

Proof. Since A{F) = F and A has order 8, we may assume A = diag(^8,1> ^8> 

0 < a < b < 7. Then one of a and b must be even, otherwise trace of is —1, a 

contradiction to Lemma 16.41 

Then for all possible pairs (a, b), we compute the monomials invariant by A and use the 
smoothness of X and Proposition |3.4[ In this way, the lemma can be proved. 

□ 


Lemma 8.24. Suppose [96,67] = G < Aut(A). Then, up to change of coordinates, an 
F-lifting of G is generated by the following four matrices: 


Ai = 


/ 0 1 0 0 o\ 

-10000 
0 0 10 0 

0 0 0 1 0 

\ 0 0 0 0 1 / 


. Ao = 


(a 

0 

0 

0 

VO 


0 0 0 o\ 
^4 0 0 0 
1 0 0 
0 1 0 
0 0 1 / 


, A-fK = 


( 0 


4 

0 

0 

0 


0 

0 

0 


0 0 \ 
0 0 
6 0 0 
i 0 
0 1 / 


0 
0 


/^4 0 0 0 o\ 

0 10 0 0 

A4 = 0 0 0 1 0 

0 0 10 0 

Vo 0 0 0 1/ 

Proof. Note that [96, 67] = SL(2, 3) xi G 4 ,. Let G be an F-lifting of G. 

Then G induces a hve dimensional faithful representation of [96,67], say p : [96,67] —)■ 
GL(5, C) such that Image of p = G. We look at the character table of [96,67] (see Figure 

© 

Since G is not abelian, p is one of the following types: (i) 4 © 1, (ii) 3 © 1 © 1, (iii) 3 © 2, 
(iv) 2 © 1 © 1 © 1, (v) 2 © 2 © 1. 

Case (i) p of type 4© 1. This case is impossible by consideration of conjugacy class “2a” 


and by Lemma 6.4 


1. This case is impossible by consideration of conjugacy class 


Faithfulness of p and consideration of conjugacy class “2a” 
“4b” is —1, a contradiction to Lemma 16.101 So this case is 


Case (ii) p of type 3 © 1 © 

“2a” and faithfulness of p. 

Case (iii) p of type 3 © 2. 
imply trace of conjugacy class 
also impossible. 

Case (iv) p of type 2 © 1 © 1 © 1. By faithfulness of p and consideration of conjugacy class 
“2a”, the 2 dimensional component of p must be one of A.7-A.10. Then trace of conjugacy 
class 


“6a” is 4, a contradiction to Lemma 8.6, So, this case is impossible. 
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In sum, p must be of type 2 i 
'‘2a” and “2b”, we have p = ai 


5 2 © 1. Furthermore, by consideration of conjugacy classes 
X.5 © r, fj is one of X.7-X.10 and r is one of X.l-XA. By 


Lemma 8.23 r can not be X.2. Then by Lemma 8.15 and by consideration of conjugacy 
classes “4a”, “3a”, r can not be X.3 or XA, either. Therefore, p = a (B X.5 © X.l, and a 
is one of X.7-X.10. 

Note that as characters of [96,67], the complex conjugate of X.7 is X.8, X.7 ©X.2=X.9, 
and the complex conjugate of X.7 © X.2 is X.IO. Then, up to ch ange of coordinates. 


we may assume G is generated by the four matrices Ai in Lemma 
(Ai, ^ 2 , ^ 3 ) — SL(2, 3), and G = (^i, ^ 2 , ^ 3 ) x (^ 4 )-) 


8.24 


(Notice that 

□ 


Lemma 8.25. [480,257] = (SL(2,3) xi G 4 ) x C 5 can not be a subgroup of Aut{X). 

Proof. Assume to th e contrary, [480, 257] = G < Aut(X). 

By Theorem 


G has an T-lifting, say G. By Lemma 


8.24 


we may assume G = 


(Ai, A 2 , A 3 , A 4 ) X (A 5 ), where Ai, A 2 , A 3 , A 4 are as in Lemma 8.24 and A 5 is of order 5. 

Notice that a degree five monomial M = ...x’^ is in F only if M satisfies both of the 

following two conditions: 

(i) ai + 302 = 0(mod 4), oi = 0(mod 2) (as A 2 {F) = F and (A|)(F) = F); 

(ii) If oi = 02 = 0, then 03 + 204 = 0(mod 3) (as A 3 (F) = F). 

There are exactly 16 different monomials satisfying both (i) and (ii): x\x^, xfx 4 , xfx 5 , 


2 2 2 2 2 2 4 4 4 4 *^222 4 ‘^‘^2 

*^2*^45 *^2*^55 *^3*^4? *^3*^5? ^^3*^4? ‘^3‘^4*^5? *^4*^5? 


''S- 


Then we may write F as: 

A A 00 A A 00 A A 

F = A1X4X3 + \2X2X3 + A3X4X2X3 + A 4 a: 4 X 4 + A 5 X 2 o :4 + A6X4X2X4 + A7X4X5 + Asx^xs© 

A9X4X2X5 + A10X3X4 + A11X4X3 + A12X3X5 + A13X4X5 + A14X3X4X5 + A15X3X4X5 + A16X5. 

By Ai(F) = F, we have Ai = A2, A4 = A5, A7 = Ag. 

By A4(F) = F, we have Ag = 0 , Aio = An, A12 = A13. 

Notice that A^{x\ + 3:|)=— ^ xhen by As^F) = F, we have A7 = 0 . Again, 

by As{F) = F, we have A3((Ai(x4 + x^) + A3X4X2)x3)=(Ai(x4 + x^) + A3X4X2)x3, which 
implies 


—Ai 


/yt^ I I /y»^ /-y»^ _ 0/-y»4™4 | 

~\~ UiL^iL2 I *^2 \ *^1 .^vLj^iL 2 ~r *^2 

-1- A 3 — 


= ^3(-^l(^l + ^ 2 ) + hxfxi) 


2 4 

Then A 3 = (2 + 4^|)Ai. Similarly, Ag = —(2 + 4 ^|)A 4 . Then A 4 (F) = F implies Ai = A 4 . 
In sum, we may rewrite F as: 

= ^i((xf + X 2 + (2 + 4 ^|)x4 X2 )x3 + (xf + X 2 — (2 + 4 (^|)x4x|)x4 )+ 

-^10(^33:4 T 3:4X3) + Ai2(x 3 + X4)X5 + A14X3X4X5 + A15X3X4X5 + AigXg. 

By the smoothness of X and Proposition |3.4[ AiAigAie 7 ^ 0. 

Then by adjusting variables x* by suitable nonzero constants, we may assume Ai = Aio = 
Are = 1 . 


Recall that, A 5 is of order 5, and AsAj = AjAs, for i = 1, 2, 3,4. Then by Lemma 4.11 
A 5 is diagonal, and we may assume A 5 =diag(^ 5 , ^ 5 , ^ 5 , ^ 5 , ^f), for some 0 < a, 6 , c, d, e < 4. 

Then A^{F) = F implies A 5 (x^x 3 )=x|x 3 , A 5 (x 2 X 3 )=X 2 X 3 , A 5 (x|x 4 )=x|x 4 . So a = b = 
c = d. So we may assume A 5 = diag(l, 1,1, 1 ,^ 5 ). Then A 5 (F) = F implies A 12 = A 14 = 
Ai5 = 0. 
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To sum up above, we have proved that if [480, 257] is a subgroup of Aut(X), up to change 
of coordinates, we may assume: 

(8.1) F = {x\+X 2 + {2 + 4 ^|)XiX 2 )x 3 + (xf + x\- {2 + 4 ^|)xfx 2 )x 4 + X 3 X 4 + X 4 X 3 + x\. 

However, then X is singular by a direct computation. Therefore, [480, 257] is excluded. 

□ 


In this way, we exclude the 67 groups remained after sub-test to obtain Theorem 8.4 (see 
the website for details of the rest 67 — 9 = 58 groups). 

□ 

Remark 8.26. Recall that as we mentioned before, in the proof of Theorem |8.4[ we need to 
exclnde 67 gronps. As we see from the proof of Theorem |8.4| (especially, the proof of Lemma 
8.25), [480, 257] = SL(2,3) xi (74 is very hard (probably the hardest one!) to exclude. Notice 
that the polynomial in Example (17) in Example |2.1| and the polynomial in the eqnation 
(8.1) are quite similar. Mysteriously, the first one is smooth, bnt the second one is singular. 


There might be some deep reason behind this phenomenon. 

We also point ont that the proofs of Lemma 8.24| and Lemma [8.25| contain useful strategies 
to find explicit examples of smooth hypersurfaces with expected group actions. 

8.2. Other cases. 

Theorem 8.27. Let G < Aut(A). If G = Ci% x (7|, then, up to change of coordinates, X 


is the Example (4) in Example 2.1 

Proof. Suppose G = Giq x (7|. 

By Lemma 


4.15 


4.8 


G has an T-lifting, say G. 


and Theorem 

Let Ai = diag(^i 6 , Cfe, 1,1,1), ^2 = diag(l, 1,1, ^ 5 ,1) and A 3 = diag(l, 1,1,1, ^ 5 ). 

Using linear change of coordinates if necessary, we may assume G = ([Ai], [A 2 ], [A 3 ]). 
Then by computing the invariant monomials of G, we have 

F = axfx 2 + 6 x 2 X 3 -|- cx| -t- dx 4 + 6 X 5 , 

where a, 6 , c, d, e are nonzero complex numbers. Clearly, adjusting the coordinates by 
nonzero multiples if necessary, we may assnme a = b = c = d = e = l. Then X is just the 
Example (4) in Example |2.1[ □ 

Theorem 8.28. Let G < Ant(X). If G = G 4 x (7|, then, up to change of coordinates, X 


is the Example (3) in Example 2.1 


Proof. Similar to Theorem 8.27[ 


□ 


To prove Theorem 8.32 below, we need the following pnrely group theoretical results: 

Theorem 8.29. Let p be a prime. Let G be a finite group of order p^n, {p,n) = 1. If Gp 
is abelian and the order of the automorphism group of Gp is coprime to n, then G has a 
normal p-complement. 

Proof. Since Gp is abelian and the order of the automorphism group of Gp is coprime to n. 


then Gp is in the center of its normalizer NciGp). Then by Theorem 


normal p-complement. 


1.2 


G mnst have a 

□ 
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Theorem 8.30. f]HR07l Theorem 4.1]j Let p be a prime. Let H he the abelian p-group 
X • • • X Cpe„, 1 < ei < ■ ■ ■ < en- Define the following 2n numbers: 

dk = max{r|er = e?;}, Ck = min{r|er = Cfc} 

then one has in partieular dk > k, Ck < k, and 




\kni{H)\ = 

k=l . 7=1 *=1 

Proposition 8.31. Let G he a finite group. Suppose 

G 2 = G2<^1 X • • • X C'2en , 1 < Cl < • • • < en 
Then G has a normal 2-eomplement and G is solvable. 


Proof. By Theorem 8.30, the order of automorphism group of G 2 is a power of 2. Then by 


Theorem 8.29 G has a normal 2-complement, say N . By Feit-Thompson Theorem |FT63j . 
N is solvable. Then G is solvable since both N and G/N are solvable. □ 

Theorem 8.32. Let G be a subgroup 0 /Aut(X) whose order divides 2®3^5^. Then G is 
isomorphic to a subgroup of one of the groups appearing in the Example (l)-(22) in Example 

a 


Proof. First, we assume G is solvable. 


If |G| < 2000, then we are done by Theorem 8.4 


If |G| > 2000, then |G| = 2400,2880,3600,4800,7200, or 14400. 

Suppo se |G | = 2400. S ince G is solvable, G has a subgroup, say H, of order 800 by 


8.1 


By Theorem 8.4, 77 contains either Cig x G^ or Cf x C^. However, then by 


8.27 Theorem 8.28 and Theorem 3.8, such G does not exist. 


Theorem 
Theorem _ 

Suppose |G| = 2880. Since G is solvable, G has a subgroup of order 2®3^ = 576, a 
contradiction to Theorem 18.41 

Suppose |G| = 3600 = 2^3^5^. Since G is solvable, G has a subgroup of order 144 = 2"^3^, 
a contradiction to Theorem 18.41 

Suppose |G| = 4800 = 2®3^5^ 
a contradiction to Theorem 18.41 

Suppose |G| = 7200 = or 14400 = 2^3252 

previous cases. 

Next, we assume G is non-solvable. 

any finite group whose Sylow 2-subgroups are isomorphic to G 2 ^ x 


Since G is solvable, G has a subgroup of order 2®5^ = 1600, 

We get a contradiction similar to 


By Proposition 8.31 


G 2 ", where m n, must be solvable. By Burnside’s theorem, 03 > 0 and 05 > 0. 
Therefore, |G| = , where 2 < 02 < 5, 1 < 03 < 2 , and 1 < 05 < 2 . So |G| has 16 

possibilities. We will do case by case checking according to the order |G|: 

1) |G| =2^ •3-5: By classification (using GAP), there is only one non-solvable group of 
order 60: alternating group A 5 , which is clearly a subgroup of Aut(A). 

2) |G| = 2^ • 3^ • 5: By classification, there is only one non-solvable group of order 180; 
^5 X Cs, which is not a subgroup of Aut(A) since it contains a subgroup isomorphic to 
C| X C3. 
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3) |G| = 2^ • 3 • 5^: By classification, there is only one non-solvable group of order 300: 
A 5 X C 5 , which could be a subgroup of Aut(X) (cf. the Example (21) in Example |2.1[ ). 

4) |G| = 2^ • 3^ • 5^: By classification, there is only one non-solvable group of order 900: 
A5 X C 15 , which is not a subgroup of Aut(X) since it contains a subgroup isomorphic to 

X C3. 


5) |G| = 2^ • 3 • 5 = 120: By classification, there are three non-solvable groups of order 
120, Ae X C 2 , S 5 , and SL(2, 5). By sub-test Aq x C 2 is excluded (cf. Lemma 
the symmetric group S 5 is a subgroup of Aut(Ai) in examples in Example 
reduced to exclude the group SmallGroup(120, 5) = SL(2,5). 


6.3). We know 
2.1 So we are 


Lemma 8.33. Let A € GL(5,C) of order 4. Suppose [A] G Aut(A), ord([A]) = 4, and 
A{F) = F. Then tr(A) ^ -1. 

Proof. Similar to Lemma | 8 . 6 [ □ 

Lemma 8.34. The group SL(2,5) is not a subgroup of Aut{X). 


Proof. Assume to the contrary that G < Aut(X) and G = SL(2, 5). 


Since \G 
by Lemma 


= 2 ^ •3-5 and G has a subgroup of order 10 (could be checked by GAP), 
1.15 G has an E—lifting, say G. The group G corresponds to five dimension 
faithful linear representation of SL(2,5), say p. By the character table (see Figure]^. 
SL(2,5) has nine different characters X.l — X.9. The representation p can not be a 5- 
dimensional irreducible representation (i.e., p = X .8 ) as X .8 is not a faithfnl representation 
(note that X.8(2a) = 5, i.e., the character X .8 takes value 5 at the conjugacy class 2a). 
p can not be of type 4 © 1. Indeed: 

1) X.7 ® X.l is impossible by the value of 2a; and 

2) X .6 © X.l is impossible by the value of 2a. 

p cannot be of type 3 © 1 © 1 as this is not faithful, again because of values of 2a. 
p cannot be of type 3 ( 
p cannot be of type 2 
negative). 

p can not be type 2 © 
p can not be type 1 © 


2 by the value of 4a and Lemma 8.33 
12 


1 by the value of 2 a (trace of order 2 matrices can not be 


1 by value of 6 a and Lemma | 8. 6 

1 


1 since SL(2,5) is not abelian. 
Therefore, p with required properties does not exist. So we are done. 


□ 


6 ) |G| = 2^ • 3^ • 5 = 360: By classification, there are six non-solvable groups of order 360. 
By sub-test, five of them are excluded and only Ag survives. So we are reduced to exclude 
Ag. 


Lemma 8.35. The alternating group Ag is not a subgroup o/Aut(X). 

Proof. Assume to the contrary that G < Aut(X) and G = Ag. Notice that Ag has a 
snbgroup of order 1 0, an d then Gg is E—liftable by Lemma |4.15[ 


Then by Theorem 4.8 G has an E—lifting, say G. So G corresponds to a five dimensional 


faithful linear representation of Ag. By linear representation theory of Ag, the group G 
contains a matrix of order 4 whose trace is —1, a contradiction to Lemma 8.33 □ 


7) |G| = 600,1800,240,720,1200,480,1440: These orders are all less than 2000, so the 
methods to exclude groups are essentially the same as the methods for cases (l)-( 6 ), and 
we omit the details. 
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gap>- Display (CharacterTable (SmallGirovip (12 O , 5 ) ) ) 
CTl 
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A = E(5)+E(5)^4 = (-l + Sqrt (5) ) /2 = t>5 


Figure 7. Character table of SL(2, 5) 
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8 ) |G| = 2^ • 3 • 5^ = 2400: Because in GAP library, groups of order 2400 are not 
approached by SmallGroup(—, —) function, we need to use slightly different methods. 

Lemma 8.36. No non-solvable group of order 2400 is a subgroups of Aut{X). 

Proof. Assume to the contrary that G < Aut(X), and G is non-solvable of order 2400. 

Let iV be a maximal proper normal subgroup of G. Then the quotient group G/N must 
be a nontrivial simple group, and by classification of finite simple groups, G/N = C 2 , C 3 , G 5 
or A 5 . 

If G/N = G 2 ,G 3 , or 6 * 5 , then N must be a non-solvable subgroup of Aut(X) of order 
1200, 800, or 480, which is impossible by previous results. 

If G/N = A 5 , then N has order 40, then G has a subgroup of order 400. On the other 
hand, by the classification (which we are done before) of subgroups of Aut(A) of order 400, 
we can explicitly compute (using the differential method in Section]^ Aut(Ai) if Aut(Ai) 
has a subgroup of order 400. In particular, Aut(A") can not contain a non-solvable subgroup 
of order 2400 when 400 divides |Aut(A)|. 

Therefore, G/N = A 5 is also impossible. □ 

9) |G| = 3600, or 7200: Impossible by similar arguments above. 

Therefore, the theorem is proved. 

□ 


9 . Proof of main Theorem 


In this section, we prove our main Theorem (Theorem 2.2). 

Let G < Aut(Ai). Then, by our classification of Sylow subgroups of subgroups of Aut(Ai) 
done in previous sections, it follows that 

|G| = 2“2 3“3 5a5l3ai3l7ai74ia4i ^ 

where 0 < 02 < 8 , 0 < 03 < 2, 0 < 05 < 5, 0 < 013 < 1, 0 < 037 < 1, 0 < 041 < 1. 

If 013 , 017 , or 041 is not zero, by Theorems |5.15[ |5.13| or |5.14t G is isomorphic to a 


subgroup of one of the 22 groups in Example 2.1 


In the rest of the proof we assume 013 = 017 = 041 = 0. 


If 05 > 3, then by Theorem 7.7, G is isomorphic to a subgroup of one of the groups in 


Example 2.1 


Then we may furthermore assume 05 < 3, i.e., 

|G| = 2“2 3“3 5“5, 

where 0 < 02 < 8 , 0 < 03 < 2 , 0 < 05 < 2 . 


If 02 = 7 or 8 , then by Theorem 6.24, G is isomorphic to a subgroup of one of the groups 
in Example |2.1[ 


If 0 < 02 < 6 , then we may just apply Theorem 8.32 


Theorem 2.2 is thus proved. 


10 . ApPLICATION-GORENSTEIN AUTOMORPHISM GROUPS 

In this section, X is a smooth quintic threefold defined by F. In this section, we study 
the Gorenstein automorphism group of X. 
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Definition 10.1. Let y be a Calabi-Yau threefold. Let ujy be a nonzero holomorphic 
3-form on Y. An automorphism of Y or an action of a group on Y is called Gorenstein if 
it fixes ujy- 

Lemma 10.2. Let A G GL(5,C). Suppose [A] G Aut(A). Then the automorphism [A] of 
X is Gorenstein if and only if A{F) = det(A)F. 

Proof. See, for instance, [Mu 88 ^ Lemma 2.1], □ 

Lemma 10.3. Let H < Aut(X). Suppose H has an F-lifting, say H. Then H is Goren¬ 
stein if and only if FI C SL(5,C). 

Proof. By definition of F-lifting, for all A in F[, we have A{F) = F. Then just apply 
Lemma 110.21 □ 


Let Gi C PGL(5,C) and Xi {i = 1, 2,..., 22) be the finite group and the smooth quintic 
threefold defined in Example (i) in Example |2.1[ Then by Lemma 10.2, we can easily com¬ 


pute the Gorenstein subgroup (i.e., the subgroup consists of the Gorenstein automorphism 
of Xi), say Hi, of Gi = Aut(Aj): 

Example (1): iLi=([A 4 A|], [A 4 A^], [A 4 A^], [A 2 ], [A 3 ]) = x A 5 , and jiLij = 2^ • 3 • 5'^ = 
7500. (The matrices Aj here are the same as those in Example (1) in Example |2.1[ We use 


similar convention below.) 


Example ( 2 ): H 2 ={[A\A 2 ], [A 3 ], [A 4 A 5 ], [A 4 AI]) 
150. 


^ {Cl X C3) X C2, and [LTal = 2 • 3 • 52 = 


Example (3): H^={[AiAl], [A 3 AI], [A 5 ]) = D 40 , and [iLs] = 2^ • 5 = 40. 

Example (4): H/^={[A\Af\, [A 2 AI]) = Diq, and \Hi\ = 2 • 5 = 10. 

Example (5): Hi,={[AiAj], [A 2 ], [A 3 AI], [AsAi], [Ag]) = (C 3 x (C| x C 3 )) x C 2 , and [l/sl = 
2 • 32 • 52 = 450. 


Example ( 6 ): Hq={[A\A^) = 6 * 4 , and \Hq\ = 2^ = 4. 

Example (7): L 77 =the trivial group. 

Example ( 8 ): L 7 g=([A|A 3 ], [A^Ag], [A 4 ]) = Gg x S^, and [Lfg] = 2 • 3 • 5 = 30. 

Example (9): Hg={[Ai], [A 2 ], [A 4 A 5 ]) = C 5 x (G 13 x C 3 ), and \Hg\ = 3 • 5 • 13 = 195. 
Example (10): i7io=([AfA 2 ], [A 3 ]) = S3, and |L7io| =2-3 = 6 . 

Example (11): L7ii=the trivial group. 

Example ( 12 : L 7 i 2 =([A 3 ], [A 4 ]) = C 13 x C 3 , and |L 7 i 2 | = 3 • 13 = 39. 

Example (13): i 7 i 3 =([Ai], [A 2 ], [A|]) = G 3 x ZI 34 , and |L 7 i 3 | = 2 • 3 • 17 = 102 . 

Example (14): 77 i 4 =([Ai], [A 3 ], [A 2 A 4 ], [AsAg], [A 5 A 7 ]) = (C 5 x (C| x C 2 )) x C 2 , and 
\Hu\ = 2^ . 32 • 5 = 180. 

Example (15): L 7 i 5 =([Ai], [A 3 ]) = C^i x C5, and [iLis] = 5 • 41 = 205. 

Example (16): iLig=([Ai], [A 2 ], [A 4 ]) = C3 x (G 13 x C3), and [iLig] = 3^ • 13 = 117. 
Example (17): i 7 i 7 =([Ai], [A 2 ], [A 3 ]) ^ GL(2,3), and |Fi 7 | = 2^ • 3 = 48. 
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Example (18): ifi8=([^i], [^ 2 ], [^ 3 ]) — SL(2,3), and |ffi8| = 2^ • 3 = 24. 

Example (19): Hi^={[A 2 ], [^ 4 ]) = (^ 12 , and \Hig\ = 2^ • 3 = 12. 

Example (20): if 20 =([^ 2 ], [^ 3 ], [^ 4 ]) = .^ 24 , and \H 2 o\ = 2^ • 3 = 24. 

Example (21): if 2 i = ([^ 2 ]) [^ 3 ]) — ^ 5 ^ and \H 2 i\ = 2^ • 3 • 5 = 60. 

Example (22): H 22 ={[A\^A 2 ]) = C 2 , and \H 22 \ = 2. 

It turns out that the above examples cover almost all maximal (with respect to inclusions) 
finite groups which can have an effective Gorenstein group action on a smooth quintic 
threefold: 


Theorem 10.4. Let H he a finite group. If H has an effeetive Gorenstein group action 
on a smooth quintic threefold, then H is isomorphic to a subgroup of one of the following 
11 groups: C| xi A^, D40, (C3 x x C3)) x C2, x ((713 x <^3); C3 x D34, (C5 x 
(( 7 | X C2)) X C2, (741 X C5, C3 X ((7i3 X C3), GL( 2 , 3 ), D2A, which are isomorphic to 
Hi,H3,H3,Hg,Hi3,Hi4,Hi3,HiQ,Hn,H2o defined above, and C4 x ( 72 - 

Proof. First, if X : xfx 4 +X 2 X 3 +x^X 4 +xl+xl+xiX 2 X^ = 0, then Ai := diag(^ 4 , ^ 4 , —1,1,1) 
and A2 := diag(l, —1, —1,1,1) act on X Gorensteinly. Therefore, C4 x C2 has an effective 
Gorenstein group action on a smooth quintic threefold. 

Since the main ideas and strategies of the rest of the proof already appear in the previous 
sections, we only sketch it here. 

Suppose H has an effective Gorenstein group action on X. We identify H with the 
corresponding subgroup of PGL(5,C). 

Of course, H must be isomorphic to a subgroup of the 22 groups in Example |2.1| by 
Theorem 12.21 

If \H\ is divided by 128, 125,41,17 or 13, then, by using the results in previous sections, we 
can easily determine H (more precisely, the matrices generate H) and the defining equation 
F of X. Then by using Lemma 10.2 or 10.3, the theorem can be proved in these cases. 


Now it remains to treat the cases where 

\H\ = 2“23“35“®,0 < 02 < 6,0 < 03 < 2,0 < 05 < 2. 

In these cases, like in Section and Section we use GAP and the method explained 

in Remark 6.2 (how to exclude groups). In fact, by sub-test, we are reduced to exclude 
the following 21 groups (GAP IDs and their structure description): [12,1] = (73 x C 4 , 
[16,1] ^ C 16 , [16,2] ^ (74 X C 4 , [16,5] = C 8 X ( 72 , [16,6] = Cs x C 2 , [16,7] ^ Die, 
[16,9] = Qie (generalized quaternion group), [16,13] = {C 4 x C 2 ) x C 2 , [ 20 , 1 ] = (75 x C 4 , 

[20.3] = C 5 X C4, [20,5] ^ Cio X C 2 , [24,1] ^ C3 x (78, [24,2] ^ C24, [24,12] ^ ^4, 

[30.4] ^ (730, [36,9] ^ {C 3 x C 3 ) x ( 74 , [40,1] ^ (75 x C 8 , [40,2] ^ C 40 , [40,11] ^ (75 x Qs, 

[50.5] ^ (7io X ( 75 , [225,6] ^ (7| x (7|. 

Notice that by results before about E-liftability we can easily show that if H is isomorphic 
to one of the above 21 groups then H is E-liftable. Then the task of excluding these 
groups is essentially reduced to show that they can not have a five dimension faithful linear 
representation into SL(5, C) which leaves the smooth polynomial F invariant. To give an 
example, we show how to exclude Dig here: 
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Lemma 10.5. The group Diq does not admit a Gorenstein action on a smooth quintic 
threefold. 


Proof. Assume to the c ontr ary that H = Diq has a Gorenstein action on a smooth quintic 
threefold. By Theorem 4.8, H has an T-lifting, say H. Then there exist matrices Ai,A 2 
in GL(5,C) such that H = (^ 1 ,^ 2 ), (Ai) = Cg, {A 2 ) = C 2 , and A 2 AiAf^ = Af^. By 
det(A i) = 1 as Ai{F) = F. 


Lemma 10.2 


Then by Lemma 8.23, we may assume Ai=diag(^8) ~1) 1) diag(^8) ~1) 


Then Ai and A^ ^ have different sets of eigenvalues, a contradiction to A 2 A 1 A 2 ^ 
Therefore, Die is excluded. 


□ 


More details about how to exclude other groups can be found on the website 1^. 

□ 
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